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Abstract 
In the present paper, we introduce left and rightsided generalized fractionalderivative operators and define a 
Fox՚𝑠 H-function.We derive explicit expressions for the Riemann–Liouvillefractional-derivative operator acting 
on the Fox՚𝑠 H-function. Special cases of our results recover known fractional-derivative formulas, uniting 
them within a single, cohesive framework. 
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1. Generalized Fractional Derivative Operators 

 
Forµ=[Re(γ)+1]and𝑥>0,whereαଵ,αଶ,βଵ, βଶ, γ ∈ ℂ  with  Re(γ) >  0, 

 
 the generalized fractional derivative operators are defined [ 22 ] as follows: 
 
 

𝐷଴ା

ఈభ,ఈమ,ఉభ,ఉమ,ఊ
𝑓(𝑥)  = (𝐼଴ା

ିఈమ,ିఈభ,ିఉమ,ିఉభ,ିఊ
𝑓)(𝑥);   Re(γ) > 0 

 
 

= ൬
𝑑

𝑑𝑥
൰

ఓ

(𝐼଴ା
ିఈమ,ିఈభ,ିఉమାఓ,ିఉభ,ିఊାఓ

𝑓)(𝑥).                                                           (1.1) 

 
 

𝐷଴ି

ఈభ,ఈమ,ఉభ,ఉమ,ఊ
𝑓(𝑥)  = (𝐼଴ି

ିఈమ,ିఈభ,ିఉమ,ିఉభ,ିఊ
𝑓)(𝑥);   Re(γ) > 0 

 
 

                                     =ቀ−
ௗ

ௗ௫
ቁ

ఓ

(𝐼଴ି
ିఈమ,ିఈభ,ିఉమ,ିఉభାఓ,ିఊାఓ

𝑓)(𝑥).                             (1.2) 

 
Where generalized fractional integral operators are defined as 
 
 

(𝐼଴ା
ఈభ,ఈమ,ఉభ,ఉమ,ఊ

𝑓)(𝑥) 
 
 

=
𝑥ିఈభ

𝛤(𝛾)
න

(𝑥 − 𝑡)ఊିଵ

𝑡ఈమ

௫

଴

𝐹ଷ ൬𝛼ଵ, 𝛼ଶ, 𝛽ଵ,𝛽ଶ; 𝛾; 1 −
𝑡

𝑥
, 1 −

𝑥

𝑡
൰ 𝑓(𝑡)𝑑𝑡 
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 and 
 

(𝐼଴ି
ఈభ,ఈమ,ఉభ,ఉమ,ఊ

𝑓)(𝑥) 
 
 

=
௫షഀమ

௰(ఊ)
∫

(௧ି௫)ംషభ

௧ഀభ

ஶ

௫
𝐹ଷ ቀ𝛼ଵ, 𝛼ଶ, 𝛽ଵ,𝛽ଶ; 𝛾; 1 −

௫

௧
, 1 −

௧

௫
, ቁ 𝑓(𝑡)𝑑𝑡 . 

 
The following image formula for a power function under the generalized fractional  
 
integral operators is given[21] as follows: 

 
(𝐼଴ା

ఈభ,ఈమ,ఉభ,ఉమ,ఊ
𝑡ఌିଵ)(𝑥) 

 

    =   𝛤 ൤
𝜀, 𝜀 + 𝛾 − 𝛼ଵ − 𝛼ଶ − 𝛽ଵ, 𝜀 − 𝛼ଶ + 𝛽ଶ

𝜀 + 𝛽ଶ, 𝜀 + 𝛾 − 𝛼ଵ − 𝛼ଶ, 𝜀 + 𝛾 − 𝛼ଶ − 𝛽ଵ,
൨ 𝑥ఌିఈభିఈమାఊିଵ,          (1.3) 

 
 
   where Re(𝜀)> 𝑚𝑎𝑥{Re(𝛼ଵ + 𝛼ଶ + 𝛽ଵ − 𝛿), Re(𝛼ଶ − 𝛽ଶ),0} and 
 
 

(𝐼଴ି
ఈభ,ఈమ,ఉభ,ఉమ,ఊ

𝑡ିఌ)(𝑥) 
 

= 𝛤 ൤
𝛼ଵ + 𝛼ଶ − 𝛾 + 𝜀, 𝛼ଵ + 𝛽ଶ − 𝛾 + 𝜀, −𝛽ଵ + 𝜀

𝜀, 𝛼ଵ + 𝛼ଶ + 𝛽ଶ − 𝛾 + 𝜀, 𝛼ଵ − 𝛽ଵ + 𝜀
൨ 𝑥ିఌିఈభିఈమାఊ ,     (1.4) 

 
 
 where Re(𝜀)< 1 + 𝑚𝑖𝑛{Re(−𝛽ଵ), Re(𝛼ଵ + 𝛽ଶ − 𝛾), Re(𝛼ଵ + 𝛼ଶ − 𝛾)} and 
 

𝛤 ቂ
𝛼ଵ, 𝛼ଶ, 𝛼ଷ

𝛽ଵ, 𝛽ଶ, 𝛽ଷ
ቃ =

𝛤(𝛼ଵ)𝛤(𝛼ଶ)𝛤(𝛼ଷ)

𝛤(𝛽ଵ)𝛤(𝛽ଶ)𝛤(𝛽ଷ)
.                                                                        (1.5) 

 
 
Let  𝑓ଵ(𝑥) = ∑ 𝐶௞𝑥௞ஶ

௞ୀ଴  and  𝑓ଶ(𝑥) = ∑ 𝐷௞𝑥௞ஶ
௞ୀ଴  be two analytic fuctions with their 

 
radii of convergence 𝑅௙భ

 and 𝑅௙మ
, respectively. Then their Hadamard product is 

 
given by the following power series: 
 
 

  𝑓ଵ ∗ 𝑓ଶ(𝑥) = 𝑓ଶ ∗ 𝑓ଵ(𝑥) = ෍ 𝐶௞𝐷௞𝑥௞
ஶ

௞ୀ଴
;    (|𝑥| < 𝑅),                                             (1.6) 

 
Where 𝑅௖ ≥ 𝑅௙భ

. 𝑅௙మ
  is the radius of convergence of the composite series. 

 
 

2. GeneralizedFox՚𝒔 H-function 
 
A lot of research work has been recently come up on the study and development of a function that is more 
general than Fox’s H -function, known as H -function. 
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CharlesFoxdefinedFoxHin1961[4],and means of the following Mellin-Barnes type of contourintegralre 
presentedit. 
 

𝐻௣,௤
௠,௡[𝑧] =  𝐻௣,௤

௠,௡ ൝𝑧 อ
(𝑎௜, 𝐴௜)ଵ

௣

൫𝑏௝ , 𝐵௝൯
ଵ

௤ൡ =
ଵ

ଶగ௜
∫ 𝐻௣,௤

௠,௡[𝑧]𝑧ି௦
௟

𝑑𝑠 , 𝑧 ≠ 0                                      (2.1)                                 

     
Wherelissuitable contour, 0≤𝑚≤𝑞,0≤𝑛≤𝑝,𝐴𝑖>0,𝐵𝑗>0and𝑎𝑖,𝑏𝑗∈ℂ;𝑖=1,2….𝑝;𝑗=1,2,…𝑞,𝐴௜൫𝑏௝ + 𝑙൯ ≠

𝐵௝(𝑎௜ − 𝑙ᇱ − 1), 𝑙, 𝑙ᇱ = 0,1,2, …. 
 

𝐻௣,௤
௠,௡[𝑧]

∏ ୻൫௕ೕା஻ೕ௦൯ ∏ ୻൫ଵି௔ೕି஺ೕ௦൯೙
೔సభ

೘
ೕసభ

∏ ୻൫ଵି௕ೕି஻ೕ௦൯ ∏ ୻൫ଵି௔ೕି஺ೕ௦൯
೛
೔స೙శభ

೜
ೕస೘శభ

(2.2) 

 
Contour separating the points 

𝑠 = ቆ
𝑏௝ + 1

𝐵௝
ቇ ; (𝑙 = 0,1,2, … . 𝑗 = 1,2, … . 𝑞) 

Which arethePoles ofΓ (𝑏𝑗−𝐵𝑗𝑠);(j=1 …q),from the points 
 

𝑠 = ቆ
𝑎௝ − 𝑙ᇱ − 1

𝐴௜
ቇ ; (𝑙ᇱ = 0,1,2, … , 𝑖 = 1,2, … . 𝑞 

 
Whichare thepolesof thisΓ൫1 − 𝑎௝ − 𝐴௝𝑠൯; 𝑖 = 1 … . 𝑝 
 

𝐻௣,௤
௠,௡[𝑧] = ∑ ∑

∏ ୻൫௕ೕା஻ೕక೓,ೝ൯ ∏ ୻൫ଵି௔ೕି஺ೕక೓,ೝ൯೙
೔సభ

೘
ೕసభ

∏ ୻൫ଵି௕ೕି஻ೕక೓,ೝ൯ ∏ ୻൫ଵି௔ೕି஺ೕక೓,ೝ൯
೛
೔స೙శభ

೜
ೕస೘శభ

ஶ
௥ୀଵ

௠
௛ୀଵ  ×

(ିଵ)ೝ௫഍೓,ೝ

௥ଵ஻೓
(2.3) 

 

Where  𝜉௛,௥ =
௕೓ୀ௥

஻೓
 

 
Series representation of the H-function is 
 

𝐻௉,ொ
ெ,ே(𝑧) = 𝐻௉,ொ

ெ,ே ൦ 𝑧 อ

൫𝑎௝, 𝛼௝; 𝐴௝൯
ଵ,ே

൫𝑎௝ , 𝛼௝൯
ேభ,௉

൫𝑏௝ , 𝛽௝൯
ଵ,ெ

൫𝑏௝, 𝛽௝; 𝐵௝൯
ெାଵ,ொ

൪ =
ଵ

ଶగ௜
∫ 𝜃

௅
(𝜉)𝑧క𝑑𝜉,   (𝑧 ≠ 0)    (2.4) 

 
Where 𝑖 = √−1   and  
 

  𝜃(𝑠) =
∏ Γ൫𝑏௝ − 𝛽௝𝜉൯ெ

௝ୀଵ ∏ ൛Γ൫1 − 𝑎௝ + 𝛼௝𝜉൯ൟ
஺ೕே

௝ୀଵ

∏ ൛Γ൫1 − 𝑏௝ + 𝛽௝𝜉൯ൟ
஻ೕொ

௝ୀெାଵ
∏ Γ൫𝑎௝ − 𝛼௝𝜉൯௉

௝ୀேାଵ

      (2.5) 

 
Here, 𝑎௝(𝑗 = 1, … , 𝑃) and 𝑏௝(𝑗 = 1, … , 𝑄) are complex parameter 𝛼௝ = 0 (𝑗 = 1, … , 𝑃),   𝛽௝ = 0 (𝑗 = 1, … , 𝑄) 
(not all zero simultaneously) and the exponents 𝑎௝(𝑗 = 1, … , 𝑁) and 𝑏௝(𝑗 = 𝑀 + 1, … , 𝑄) can take on integer 
values, reader can also refer the papers [3, 4] for more detail. The following sufficient conditions for the 
absolute convergence of the defining integral for the H -function given by Bushman and Srivastava [2], 
 
 𝛺 =  ∑ 𝛽௝

ெ
௝ୀଵ + ∑ ห𝐴௝𝛼௝หே

௝ୀଵ − ∑ ห𝐵௝𝛽௝ห
ொ
௝ୀெାଵ − ∑ 𝛼௝ > 0,௉

௝ାேାଵ      (2.6) 
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And |arg 𝑧| <
ଵ

ଶ
𝛺𝜋. 

 
Also, from Inayat-Hussain [9], it follows that 

𝐻௉,ொ
ெ,ே[𝑧] = 0൫|𝑧|క∗൯ for small z, where 𝜁 ∗= min

ଵஸ௝ஸெ
൤𝑅𝑒 ൬

௕ೕ

ఉೕ
൰൨,                                   (2.7) 

 
And 
 

𝐻௉,ொ
ெ,ே[𝑧] = 0൫|𝑧|క∗൯for large z, where ξ∗ =  min

ଵஸ௝ஸே
൤𝑅𝑒 ൬

௔ೕିଵ

ఈೕ
൰൨,                             (2.8) 

 
When the exponents 𝐴௝ = 𝐵௝ = 1 ∀𝑖  and j, the H -function reduces to the familiar Fox’s H - function. Mathai 
et al. [16] introduced the following Mellin Barnes integral representation of the  
 
Fox’s 𝜢-function and defined by 

𝛨௥,௦
௠,௡[𝑧] ≡ 𝛨௥,௦

௠,௡ ൤
(𝑎௥ , 𝐴௥)

(𝑏௦, 𝐵௦)
     ; 𝑧൨ ≡ 𝛨௥,௦

௠,௡ ൤
(𝑎ଵ, 𝐴ଵ), ⋯ , (𝑎௥, 𝐴௥)

(𝑏ଵ, 𝐵ଵ), ⋯ , (𝑏௦, 𝐵௦)
     ; 𝑧൨ 

 
 

=
1

2𝜋𝑖
න

∏ 𝛤൫𝑏௝ + 𝐵௝𝜉൯௠
௝ୀଵ ∏ 𝛤൫1 − 𝑎௝ − 𝐴௝𝜉൯௡

௝ୀଵ

∏ 𝛤൫1 − 𝑏௝ − 𝐵௝𝜉൯௦
௝ୀ௠ାଵ ∏ 𝛤൫𝑎௝ + 𝐴௝𝜉൯௥

௝ୀ௡ାଵஐ

𝑧ିక 𝑑𝜉                          (2.9) 

 
Where z(≠ 0) and Ω is a suitable contour of integration m, n, r, s are integers such that           0 ≤ 𝑚 ≤ 𝑠 and 
0 ≤ 𝑛 ≤ 𝑟. The parameters 𝑎ଵ, ⋯ , 𝑎௥ and 𝑏ଵ, ⋯ , 𝑏௦ 𝑎𝑟𝑒 𝑠𝑜 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑒𝑑 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑛𝑜 𝑝𝑜𝑙𝑒 𝑜𝑓𝛤൫𝑏௝ +

𝐵௝𝜉൯(𝑗 = 1, ⋯ , 𝑚) coincides with any pole of 𝛤൫1 − 𝑎௝ − 𝐴௝𝜉൯(𝑗 = 1, ⋯ , 𝑛) 
 
Note. A detailed account of properties and applications of the H-function is available on the monograph by 
Mathai et al. [16] and Srivastava et al. 
 

3. Main Result 
Theorem-1 Let the condition given in (2.9) is satisfied then for𝐑𝐞(𝛄) > 𝟎with 
 

𝜶𝟏, 𝜶𝟐, 𝜷𝟏, 𝜷𝟐, 𝜸 ∈ ℂ, the left sided generalized fractional derivative operator of 
 
the Fox’s H-function is given by 

⟮𝐷଴ା

ఈభ,ఈమ,ఉభ,ఉమ,ఊ
൜𝑡ఋିଵ𝛨௥,௦

௠,௡ ൤
(𝑎ଵ, 𝐴ଵ), ⋯ , (𝑎௥ , 𝐴௥)

(𝑏ଵ, 𝐵ଵ), ⋯ , (𝑏௦, 𝐵௦)
     ; 𝑧𝑡൨ൠ ⟯(𝑥) 

 
 
 
Where z(≠ 0) and Ω is asuitable contour of integration𝑚, 𝑛, 𝑟, 𝑠 are integers such that 
 
 0≤ 𝑚 ≤ 𝑠 𝑎𝑛𝑑 0 ≤ 𝑛 ≤ 𝑟 
 

= 𝑥ఋା஑భା஑మିஓିଵ 𝐻
𝑚, 𝑛 + 3

𝑝 + 3, 𝑞 + 3
൤

(𝑎ଵ, 𝐴ଵ), ⋯ , (𝑎௥ , 𝐴௥), (1 − 𝛿, 1)

(𝑏ଵ, 𝐵ଵ), ⋯ , (𝑏௦, 𝐵௦), (1 − 𝛿 + 𝛽ଵ, 1)
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(1 − 𝛿 − 𝛼ଵ − 𝛼ଶ − 𝛽ଶ + 𝛾, 1), (1 − 𝛿 − 𝛼ଵ + 𝛽ଶ, 1)

(1 − 𝛿 − 𝛼ଵ + 𝛽ଶ, 1), (1 − 𝛿 − 𝛼ଵ − 𝛽ଶ + 𝛾, 1)
 ; 𝑧𝑥൨                          (3.1) 

 
 
Theorem-2 Let the condition given in (2.9) is satisfied then for𝐑𝐞(𝛄) > 𝟎with     
 
𝜶𝟏, 𝜶𝟐, 𝜷𝟏, 𝜷𝟐, 𝜸 ∈ ℂ, the right sided generalized fractional derivative operator 
 
of the Fox’s H-function is given by 
 

        ⟮𝐷଴ି

ఈభ,ఈమ,ఉభ,ఉమ,ఊ
൜𝑡ିఋ𝛨௥,௦

௠,௡ ൤
(𝑎ଵ, 𝐴ଵ), ⋯ , (𝑎௥ , 𝐴௥)

(𝑏ଵ, 𝐵ଵ), ⋯ , (𝑏௦, 𝐵௦)
     ; 𝑧𝑡ିଵ൨ൠ ⟯(𝑥) 

 
Where z(≠ 0) and Ω is asuitable contour of integration𝑚, 𝑛, 𝑟, 𝑠 are integers such that 
 
 0≤ 𝑚 ≤ 𝑠 𝑎𝑛𝑑 0 ≤ 𝑛 ≤ 𝑟 
 

= 𝑥ିఋା஑భା஑మିஓ𝐻
𝑚, 𝑛 + 3

𝑝 + 3, 𝑞 + 3
൤
(𝑎ଵ, 𝐴ଵ), ⋯ , (𝑎௥ , 𝐴௥), (1 − 𝛿 + 𝛼ଵ + 𝛼ଶ − 𝛾, 1)

(𝑏ଵ, 𝐵ଵ), ⋯ , (𝑏௦, 𝐵௦), (1 − 𝛿, 1)
 

 
(1 − 𝛿 + 𝛼ଶ + 𝛽ଵ + γ, 1), (1 − 𝛿 − 𝛽ଶ, 1)

(1 − 𝛿 + 𝛼ଵ + 𝛼ଶ − 𝛾, 1), (1 − 𝛿 − 𝛼ଶ − 𝛽ଶ, 1)
 ; 𝑧𝑥ିଵ൨                             (3.2) 

 
 
Proof:-(Result-I)We first replace the multivariable Foxʹ𝑠 H-function occurring on the LHS by its Mellin-
Barnes contour integrals. Changing the order of integral and derivative operator under the conditions of 
theorem and apply the formula for power function under generalized operator [ eq. (1.3)]. The resulting 
Mellin-Barnes contour integrals as a Foxʹ𝑠 H-function ofmultivariable We shall arrive at (3.1). 
Proof:- (Result-II) Same as proof Result-I 
 
4.Special Cases 
Corollary-1. Let the conditions of Theorem 1 be satisfied and 𝛂𝟏 = 𝟎,𝛂𝟐 = 𝟏then  
 
the Theorem 1 reduced in the following form 
 
 

⟮𝐷଴ା

଴,ଵ,ఉభ,ఉమ,ఊ
൜𝑡ఋିଵ𝛨௥,௦

௠,௡ ൤
(𝑎ଵ, 𝐴ଵ), ⋯ , (𝑎௥ , 𝐴௥)

(𝑏ଵ, 𝐵ଵ), ⋯ , (𝑏௦, 𝐵௦)
     ; 𝑧𝑡൨ൠ ⟯(𝑥) 

 

= 𝑥ఋିஓ𝐻
𝑚, 𝑛 + 3

𝑝 + 3, 𝑞 + 3
൤

(𝑎ଵ, 𝐴ଵ), ⋯ , (𝑎௥, 𝐴௥), (1 − 𝛿, 1)

(𝑏ଵ, 𝐵ଵ), ⋯ , (𝑏௦, 𝐵௦), (1 − 𝛿 + 𝛽ଵ, 1)
 

 
(−𝛿 − 𝛽ଶ + 𝛾, 1), (1 − 𝛿 + 𝛽ଶ, 1)

(1 − 𝛿 + 𝛽ଶ, 1), (1 − 𝛿 − 𝛽ଶ + 𝛾, 1)
 ; 𝑧𝑥൨ 

                                                                                                                                                   (4.1) 
 
Corollary-2 Let the conditions of Theorem 2 be satisfied and 𝛂𝟏 = 𝟎,𝜸 = 𝟏then  
 
the Theorem 2 reduced in the following form 
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        ⟮𝐷଴ି

଴,ఈమ,ఉభ,ఉమ,ଵ
൜𝑡ିఋ𝛨௥,௦

௠,௡ ൤
(𝑎ଵ, 𝐴ଵ), ⋯ , (𝑎௥ , 𝐴௥)

(𝑏ଵ, 𝐵ଵ), ⋯ , (𝑏௦, 𝐵௦)
     ; 𝑧𝑡ିଵ൨ൠ ⟯(𝑥) 

 

= 𝑥ିఋା஑మିଵ𝐻
𝑚, 𝑛 + 3

𝑝 + 3, 𝑞 + 3
൤
(𝑎ଵ, 𝐴ଵ), ⋯ , (𝑎௥ , 𝐴௥), (−𝛿 + 𝛼ଶ, 1)

(𝑏ଵ, 𝐵ଵ), ⋯ , (𝑏௦, 𝐵௦), (1 − 𝛿, 1)
 

 
(−𝛿 + 𝛼ଶ + 𝛽ଵ + 2,1), (1 − 𝛿 − 𝛽ଶ, 1)

(−𝛿 + 𝛼ଶ, 1), (1 − 𝛿 − 𝛼ଶ − 𝛽ଶ, 1)
 ; 𝑧𝑥ିଵ൨                                             (4.2)  
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