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Abstract

In the present paper, we introduce left and rightsided generalized fractionalderivative operators and define a
Fox’s H-function.We derive explicit expressions for the Riemann—Liouvillefractional-derivative operator acting
on the Fox’s H-function. Special cases of our results recover known fractional-derivative formulas, uniting
them within a single, cohesive framework.
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1. Generalized Fractional Derivative Operators

Forp=[Re(y)+1]andx>0,wherea,,a,,B3;, B2, Y € C with Re(y) > O,

the generalized fractional derivative operators are defined [ 22 ] as follows:

Da1 ,a2,81,B2, Yf(x) — (1_a2 —a1,= P2, ﬁl'_yf)(x); Re(Y) >0

( d ) (I—Ulz —a1.—ﬁz+ﬂ'_ﬁ1:_y+ﬂf) (X) (11)
Dal ,02,81,B2, )/f(x) _ (1—0.'2 —a,—fa, Bl'_yf)(x); Re(y) >0

K —gi =B — -
:(_%) IO—aZ‘ a1,—B2,—B1ti, Y+I»¢f)(x)' (12)

Where generalized fractional integral operators are defined as

(10—'1 ,22,81,B2, Vf) (x)

X T — v t x
- rwy) fO ta2 Fs (0(1, s, B1,B2v;1 — Py 1- ?) f(t)dt
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and

(I(C)!Lazﬁpﬁz')’f) (x)

_xT®2 foo (t-x)r~1

t
Ty ot F; (0‘1: az, BBy 1 — f, 1- ;,)f(t)dt .
The following image formula for a power function under the generalized fractional

integral operators is given[21] as follows:

(Ig_'l_'az'ﬁl'ﬁz'ytg_l) (x)

F[ g, Ety—a1— —ﬁ1, E—ay+p, xE~@1—azty—1
£+ Py, E+y—a;—ay, ety—a;—py ’

(1.3)
where Re(e)> max{Re(a; + a, + B — 6), Re(a, — B,),0} and
(I(()J-'L“zﬁbﬁz')’t—e)(x)

:F[a1+a2—y+e, a,+ B, —y+e —f1+ ¢ yEmw-arty

g, a,+a,+p,—yv+e a;—pi+c¢ (1.4)

where Re(e)< 1 + min{Re(—p;), Re(a; + B2 —v), Re(a; + @, —y)} and

r[al, s, ag]_F(al)I’(az)I’ (a3) (1.5)

Bi Ba B3l ™ T (BOT (BT (Bs)

Let f1(x) = X7 Ckx* and f5(x) = Yo Dxx* be two analytic fuctions with their
radii of convergence Ry, and Ry, respectively. Then their Hadamard product is

given by the following power series:

o)

Arh@=fr A=) Gt (1% <R) (16)

Where R. = Ry, . Ry, is the radius of convergence of the composite series.

2. GeneralizedFox's H-function

A lot of research work has been recently come up on the study and development of a function that is more
general than Fox’s H -function, known as H -function.
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CharlesFoxdefinedFoxHin1961[4],and means of the following Mellin-Barnes type of contourintegralre
presentedit.

Hyg'lzl = Hyg' {Z

(al’Al)i) 1
(b;, B;)" = — [ Hpq'[z]z"%ds,z #0 @.1)
1’7171

Wherelissuitable contour, 0<m<q,0<n<p,A;>0,B j>0andai,bjEC;i=1,2....p;j=l,2,...q,Ai(bj + l) *
Bj(ai -1 - 1), l, ' = 0,1,2,

™. r(bj+Bis) [, T(1-a;—Ajs
]1(1 1)11( JJ) ,2'2)

H)Y"[z]
H?=m+1 l_'(l—bj—BjS) H?=n+1 F(l—aj—Ajs)\

b.q

Contour separating the points

b+ 1 _
s = B ;(1=012,...=12,....q)

J

Which arethePoles ofl" (bj—Bjs);(j=1 ...q),from the points

aj—l'—l i
s=(—;'"=01.2,..,i=12,...q
A;

Whichare thepolesofthisF(l —a; — A]-s); i=1...p

H™[z] = Y7, ¥ 721 D(bj+B§nr) [Tz T(1-a;—4;8nr) CVELPN 3)
P4 =t r=1H?=m+1F(l_bj_ijh,r)Hf=n+1r(1_aj_Aj$h-T) T1Bp \'
b=
Where &), = -2
) B,

Series representation of the H-function is

(@), a;; A,-)LN (aj, ) NuP
1
= omi

MN/ N _ yMN
Hpy (2) = Hpy

z J, 6 (6)z8dE, (z #0) (2.4)
(B 8111 (B3 B13 Bj) s

Wherei =+v—1 and

o) — 175, T(b; — B;&) T T (1 — a; + “jf)}Aj 25)

H?=M+1{F(1 - bj + lgjf)}Bj §=N+1 F(aj - ajf)

Here, a;(j = 1,...,P) and b;(j = 1, ..., Q) are complex parameter a; = 0(j =1,..,P), f;=0( =1,..,Q)
(not all zero simultaneously) and the exponents a;(j = 1,...,N) and b;(j = M + 1, ..., Q) can take on integer
values, reader can also refer the papers [3, 4] for more detail. The following sufficient conditions for the
absolute convergence of the defining integral for the H -function given by Bushman and Srivastava [2],

0= 301+ XA = 1 |BiB| — Xhinera; >0, (2.6)
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And |argz| < %.(271.

Also, from Inayat-Hussain [9], it follows that

Hé”,’@”[ = 0(|z|**) for small z, where { *= 1r<r}1<rllw [Re (g—j)], (2.7)
And
Hgle [z] = 0(|Z|$*)f0r‘ large z, where & = r<r51<r11V [Re (a;—jlﬂ, (2.8)

When the exponents A; = B; = 1 Vi and j, the H -function reduces to the familiar Fox’s H - function. Mathai
et al. [16] introduced the following Mellin Barnes integral representation of the

Fox’s H-function and defined by

)
Hm,n 7] = Hm,n I:(arl T ;Z]
r,s [ ] rs (bs’ BS)

Hm,n I:(alﬁAl)' Y (a-,-, AT) . 7
(bll Bl)r“':(bSr BS) '

m n
1 f 172, (b +Bf)r[ _ T(1—a; — 4;¢) € s (2.9)
27“ ﬂl—[} ‘m+1r(1 — B; f) H] n+1r(aj +A]'§)
Where z(# 0) and Q is a suitable contour of integration m, n, r, s are integers such that 0<m<sand
0 < n < r. The parameters a4, -, a, and by, -+, bs are so constrained such that no pole ofF(bj +
ij)(j = 1,---,m) coincides with any pole ofF(l —A; E)(] =1,

Note. A detailed account of properties and applications of the H-function is available on the monograph by
Mathai et al. [16] and Srivastava et al.

3. Main Result
Theorem-1 Let the condition given in (2.9) is satisfied then forRe(y) > Owith

aq, az, L1, 82,7 € C, the left sided generalized fractional derivative operator of

the Fox’s H-function is given by

L S s I

Where z(# 0) and () is asuitable contour of integrationm, n, r, s are integers such that
0Em<sand0<n<r

m,n+ 3 (aerl)' Y (ar' A‘r)r (1 - 5; 1)
p + 3,q +3 (b1;B1),"', (bSl Bs): (1 -6 +ﬁ1' 1)

— x6+a1+a2—y—1 H
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(1—5—0{1—0l2—ﬁ2+]/,1),(1_5_051+ﬁ2r1)_

A-6-a;+p,1),(A-6—a,—p,+y,1) 'Zx G-

Theorem-2 Let the condition given in (2.9) is satisfied then forRe(y) > Owith
aq, 0, B1,B2, Y € C, the right sided generalized fractional derivative operator

of the Fox’s H-function is given by

D LR (s e S

Where z(# 0) and Q) is asuitable contour of integrationm, n, 7, s are integers such that
0Sm<sand0<n<r

— x—6+oc1+oc2—yH m,n+ 3 (al'Al)r Y (ar'Ar)r (1 -6+ a; +az; —v, 1)

p+3,q+3 (by,B1),*+,(bs,Bg), (1 —6,1)
A-6+ay+p+v,1),(A-6-5,,1) - (3.2)
(1_6+a1+a2 %1);(1_ _az ﬂZI]-) '

Proof:-(Result-I)We first replace the multivariable Fox's H-function occurring on the LHS by its Mellin-
Barnes contour integrals. Changing the order of integral and derivative operator under the conditions of
theorem and apply the formula for power function under generalized operator [ eq. (1.3)]. The resulting
Mellin-Barnes contour integrals as a Fox's H-function ofmultivariable We shall arrive at (3.1).

Proof:- (Result-1T) Same as proof Result-I

4.Special Cases
Corollary-1. Let the conditions of Theorem 1 be satisfied and o¢; = 0,a, = 1then

the Theorem 1 reduced in the following form

0,1,81,82, 1 mn (a1, A1), -, (ar, Ay) .
e B (by, By), -+, (b, By) )10

mn + 3 [ (aerl)r Y (arr A‘r‘)r (1 - 61 1)
p + 3,q + 3 (bl,Bl),"', (bS'BS)' (1 - 5 + ﬁl' 1)

( 6 — ﬁ2+y'1) (1_5+,82'1)
(1_5+,82'1) (1_6 ,82+]/,1)

= xa_YH

(4.1)
Corollary-2 Let the conditions of Theorem 2 be satisfied and a; = 0,y = 1then

the Theorem 2 reduced in the following form
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0,a2,81,821), _§,ymn (al; Al); ot (ar; Ar) . _1]}
[DO_ {t HT',S (berl)) Tty (bS) BS) 2t J(x)

mn+3 [(a,4,),,(a,4,),(=6+a,1)
p+3'q+3 (bllBl)rr(bSJBs)l (1_6r 1)

— x—8+a2—1H

(—6+a,+B1+21),(1-6-B,1) _Zx—l] (4.2)

(—5-}-6{2,1),(1—5—6{2—,82,1) ’
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