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ABSTRACT:

The paper pertains to take off and landing performance of an aircraft or a rocket-powered vehicle. The
velocity acquired and distance traveled by the aircraft on the runway at any instant of time during take- off
and during landing are determined considering variation of its weight due to its fuel consumption. Motion
of the aircraft during take- off with constant thrust and during landing with reversed thrust are dealt with
and finally during landing by applying thrust equal to drag.

INTRODUCTION

Angelo Miele' (1962) framed equations of motion of an aircraft for take-off and landing performance on
a horizontal runway and solved them in closed form but without taking into consideration variation of its
weight due to fuel consumption. In this design, however small may be the fuel consumption during either
of the runs variation of the weight due to fuel consumption is taken into account in order to determine
the velocity attained and distance traveled on the runway.DJ Kettle® described ground performance at
take- off and landing. The equations of motion of the aircraft are represented’ as

X=vVv
T—D—uR —%V:O (1)
R-W +L=0

Since in this feature fuel consumption during its travel on the ground is not neglected in tackling motion
of the aircraft another equation arises:

W4+cT=0 (2)

where x denotes the distance described on the horizontal runway ,v the velocity, T the thrust,D the drag,
W the weight after a run for time t during landing or take- off ,L the lift,R the normal reaction exerted by
the

runway, | the coefficient of friction , W, initial weight for take off/
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landing, c the specific fuel consumption and the dot sign a derivative with respect to time t. The
atmospheric drag' and lift' are respectively :

D:%CDpsv2 and L :%CLpsv2 3)

where Cp and Cj, are respectively the drag and lift
coefficients, p the air density, S the reference area of the aircraft.

MOTION ON THE RUNWAY WITH CONSTANT THRUST
Initial and boundary conditions are prescribed:

At time t=0, W=W, v=0 ,x=0 for take- off, where the distance traveled in time
ty to take off is Xy, whereas

At time t=0, W=W, v=v;, = touch down velocity and x=0 in the beginning of the landing and on
completion of landing, ie, at t=t, v=0, x= X], 4)
In other words the distance traveled on the runway in coming to rest in time t;, of landing is x;,. Because
of constant thrust and constant specific fuel consumption, the solution to equation (2) by virtue of the
initial conditions (4) gives

W=W, — cTt (5)

Since the fuel consumption during movement of the aircraft along the runway for a short time is small
compared to the fuel intake ,we rule out choosing the instantaneous weight of the aircraft as the
independent variable for solutions to the governing differential equations of motion . Combining (1),
(2),(5) and (3) is obtained

at _ Wo—cTt

dv — g{T+ucTt—pS(Cp—uCLIv2—pWs)}

Now the term involving t in the denominator of this equation being small,is neglected in that the fuel
consumption for this short time is small while the similar term in the numerator is retained without loss of
sufficient accuracy and generality. Hence

dt_ i W,—CcTt p<1
v g{T—5pS(Cp—puCLIv?—-uwy)}
which can be reproduced as
dt_k(b—t)
dv_ a2—-v2 (a>v) (6)
_zer 2 _ 5 T=#Wo _ _Wo
where k_gpS(CD—uCL)’ 2(pS(CD—uCL)) >) and b = 6.1)

Integral of (6) subject to the initial conditions (4) yields take- off velocity vy in terms of the time taken t;:
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ftk dat ka dv
0 p—t  J0 az—y2
t k a+v k a-v
Or, —log(1——=%)= —log—= = — —log—=
b 2a a—vg 2a a+vy

ti = b[1 — (=X)P]

a+vyi

where any time t during takeoff is

=b[1 - C)P] (6.2)

a+v

valentl _ 1(1——)q _k o1
Or equivalently vy = am pP= - 4= /p 7

The velocity at any time t during its motion on the runway is obtained from (7) replacing
vk by vand ti by t and as such to find the distance x traveled in time t on the runway , one can write

—(1-%ya
Svma— b =a{ —Lp—-1) ®)

dt 1+(1—599 1+(1—59d

Integrating which subject to the same initial conitions (4) the distance traveled before leaving the runway
to take- off is given by

xx =a{2 fo b —— — i}
Putting 1 —~ =1 so that 1=1—* and 7o = 1 at t=0 9)
Xk =a[2b fl T _t];: t<bimpliest<1 (10)

Tk 1+14
For 19 < 1, expanding binomially one gets
xic =al2b [, TFo(~1)7 (19 dr ~ ty]

2!
qr+1

Xk= a[bZr 0(_ )r I‘rk tk] (11)

Given some numerical integral values of q or p,the integral (10) can be evaluated in closed form. The
distance traveled can be found as a function of velocity using (6) and initial conditions (4):

dx: kv(b—-t) ( )p
dv a2-v2 a+v’ az- v2

[ because of (6)] (12)
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vdv

Or, x;=kb [, k(&P

a+v’ a2-v2

( By integrating by parts) (13)

= v (P —f:k(g)pdv}

2ap a+vg

ka(ﬂ p_dv _ -1 vk (a+v) (u)p

Because =
’ Zap dv 2ap ‘a+v

Hence, while tackling integral (13) by parts choosing v as the first form and

Ep 2

-— as the second form is justified to arrive at the result((13)
atv ac—v

Xj= —[ k-Vi C—X)P] (14)

a+vy

where I = fovk(g)pdv = f;k(ﬁ — 1)Pdv  which can be recast as

e =[S EDP (1 —%) du (15)

with substitution u=a+v<2a because of (11). So expanding binomially in equation (17), we get

a+vk2 —
w=[ G Z( ~DE =2 (p-T+ D) du

Le=[X Y b(p—1(p—2).....(p—r + D) PE? (16

=0 «r(r—p+1)(2a)r-P

Applying the similar treatment as above and the initial conditions (4) we can find the duration of motion
of the aircraft on the runway after landing with reversal thrust or holding the thrust to drag at all times.
The governing equations of motion for landing performance with reversed constant thrust are obtained by
replacing T by—T in the denominator (6):

dt —(Wp—cTb) —k(b-0)
= T = (17)
dv. g{T+3pS(Cp—pCLIVZ+uWp)}  d2+4v?
T+uw
where d? = 2(T+Wo) but b and k have the same values as for take-off.

pS(Cp—uCL)v?

In consequence of the initial conditions (4), solution to (17) turns out to be

A%

k 1Y 1L k 1%L
Log(l—g) = a(tan 13 —tan™"q) =—E(tan 1

1Y
d —tan "d) (v, >v)

—E(tan_l%—tan_% )
Or,t=b{1 —e™d } (18)
Duration of landing t;, is obtained by putting v=0 in the above equation;
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1L

_by = Kap e
Log(1 b)—dtan d

-k _1V
Or, t, = b(1 — ea @ " aY)) (19)

From equation (18) velocity v can be expressed in terms of t so that

v__vL
t k 1Y 1Lk -1 dV gL
Log(1— ;) =3 (tan "d —tan " d) =7 tan fad
i d t
d_d _ d _t
Or, LT = tan {k Log (1 b)}
k -1¥ 1YL 1YLk -1Y
t:b(l_ea(tan d—-tan “d ) -b (1 e —Htan d .eatan d ) (20))

v

?{1 —%tan{%Log(l —i)} = % + tan {ELog (1 —i)}

d t d
dx vy +dtan {ELOg(l_E)} _ VL—dtank—lt)
OI‘, V= ? =d d T = d—dt (201)
{d—vL tan{ELog(l—E) d+vy, tan;

. dt . o .
For% « 1,are neglected the square and other higher powers of é in logarithmic expansion in

equation(20); one gets (For example log(1—Y)= —y where y<<1).Now

d COStd Slntd

X 2L =

=Eo o (G e
L —COSE'FSII’IE

(—cosﬂ—isinﬂ
dx bk 2Pk bkvi” Bk .
td | . td -

dt d ..t
COSbk+ 1nbk

Integrating(21) subject to the initial conditions(4) we get landing distance covered in time t:

td . td
x=bk log(cos - + % sin— (22)

We can also express distance x in terms of velocity v and hence
Eliminating t between (17) and (18) ,one gets

dx —kAv —tan v
— =——ed d 2
dv d2+v2 ( 3)

k
S
where A=be a "
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Integrating(23)by parts and using the initial and boundary conditions (4),we find the distance xi, travelled
before coming to rest on the runway:

k 1V
x, = {ed™ dlog (d? + v?)[5F kI, ) (24)
_ (VL Zan—1Y log (d?+v?)
where I}, = fo ed i = ——dv (25)

1

. v
To evaluate integral (25) let us put tan™ J=Z 80 that v=dtanz,

v, = dtanz;, and dv=dsec?zdz (26)
Then I = %fOZL{log(d secz)}e% dz (27)

:ikgd (egzL — 1) - 21 log(d secz) = logd + log secz

where 1! = fOZL{log( cosz)}eMdz ; L= g (28)

Integral (28) can be tackled by term-by- term integration after expanding logcosz in infinite series.
Therefore let us begin with

Log{(1+e29)(1 + e~29)}=log(2+e%® + e~219)
Interchanging the sides and expanding in logarithmic series,

Log(2+2c0s20)= Log (1+e219) + Log(1 4 e~2%)

2 2i0 e4if e6if o —2i0 e—4i0 e—6i0
log(4cos“®) = e + - t5+ ---add infinity + e™“" + —5*

+ ---add infinity

4104 o—4ib e6i0 4 o—6i6

210g2+210gcose = EZie + e—2i9 +

add infinity
2 3

cos40 cos60 cos860

Or, logcos® = —log2 + cos20 + —t= t= addo  (29)

Replacing 0 by z in (29)and then combining with (28)one gets
Il = fOZL[—e“logZ + Z‘;‘;l%(cosZrz)ekz] dz

eML(Acos2rzy ++2rsinrzy)—A
r(\%+4r2)

=(1 — e*)(log2) /A+X 7, (30)

LANDING WITH THRUST EQUAL TO DRAG
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In the light of the foregoing analysis ,if the thrust is equated to the drag(T=D), with due approximation
variation of the weight due to fuel consumption is neglected with a view to finding only velocity and
distance without sacrifice more or less accuracy coupled with controlled maneuvering of the aircraft.
Hence the relevant equation is

dt -W, 3 —2W,

dv. gu{Wo—;CLpSv?) gu{2Wo—CppSv?)
dt —2W

Oor,—= ———3— (2W, > C.pSv?) (31)
dv gHCLPS{E 5=V

Integrating L.H.S. with respect to t from O to t and R.H.S. with respect to v from vy, to v are obtained

w
2% v [279 4y
1 2W, ( Cyps ) CLps L
t=— |—>log {~== ——} (32)
2gu | CLps ( 2 Wo +v) JZ Wo _,
L
CLps CLps

which exhibits time t as an explicit function of velocity v .We can also express v in terms of time t:

([22v)  [2 2%
CLpS CLpS (thu/ ZWO ) (33)
CLps
(J C ps+v) \/ZC pS+VL
2270 14+ Be(8W |20 1- Be(?8/ |20
ps S S
Or, Y= " Or,v= —{( e } (34)
v 1- B e(28t%/ ZWO) CLPS 1+ B e(28%/ ZWo)
Wo _
CLps L
where B == <1 (34.1)
22 +VvL,
CLps

To facilitate integration of (34),we rearrange the same in the form

2gtp/
dx o Wo 2B e( LpS)

dt CLps 1+ B e(28t/ 2W0)

which is solved applying the initial conditions(4):
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1+ B e(28w/ |20y
o P Vo o Cure
x_[( chps){t A — 1 (35)

W,
_ Wo {_10 L
CLpsgp -2 ( 2 Wo +v) 2 Mo
CLps CLps
Wo
< 2CLpS_v>
1+
w
W w 2220 w W
“c SS_V ZCL35+VL ] < CLPS+V> Wo ] ( ZCLES_V) CL35+VL ]
- —1lo 0 — 2lo
CLpsgu{ Wo Wo _ & w } CLpsgu{ & Wo Wo _ &
ZC +v 2C VL Mo ZC +v C VL
LPS LPS CLps 'L LPS LPS
1+
Wo
< ZCLPS+VL>
Wo
ZCLpS+VL
Wo
cLostY
w W, 2
0 _ 0 0
Wo ( ZCLps v) ZCLp5+VL ZCLpS+V
CLpsgulog{ Wo Wo 0 }
( ZCLpS+V) ZCLps_VL ZCLp5+VL
()
W CLps
x=—2—log "7 (36)
CLpsgp CLps 2

The velocity—distance relationship (36) can also be established directly by using equation (31) in a
simple manner:

iﬂ _ —2Wyv

dv dt T guCLpS(Ea-v?)
2 _ —2Wyv
dv guCLPS(E E=v?)

which is integrated within the limits :v from vy, to v and x from o to x to obtain the same result as (36);

Wo 2)
{log -7 (G
CLpsgu o pS_VLZ

} (37)
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The time t. taken by the aircraft to come to rest and the corresponding distance x. traversed are
respectively obtained from equation(34) and (37)

Be(2gty/ [0 =

C S+VL
Or, t. =— [2X0]ggt / L 1s1 (38) Or x, = -2 2
2gu~|Cps  ©B  2gu CLPS \/ v B CLps gu
CLps L
Wo
Crps
logwt— (39)
Crps VL

EVALUATION OF FUEL CONSUMPTION

To compute the fuel consumption during landing run with the thrust held equal to the drag we need to
rewrite equation (2) with (34) so that

dW

e —cD = ——CDpSV (40.1)
2gtu
2Wyo
dw c W, 2Be CLps
_ 0 2
Or, 5 = =3 CopSI( |25 501 — ——=gz}] (40.2)
2Wo
1+Be cLps
2gtp
2Wyo
which is integrated using the initial conditions (4) to find fuel spent in time t. Letting ,z=1+ B eV cLes
(41)
equation (40) reduces to the form:
2gtp
dw dz C d Gl
zZ _ Cp 2-Z\2 dz_ . 2gp CLps _ 2gp _
e cCL W, ( . ) and dt—B B e e (z—-1)
A CLpS A CLpS
2W, 2W,
d_W _ CDW CLpg (2 Z)Z 1 _ CDW \Tp(; Z2—4(Z—1)
dz CC 0 2gp \ 2z (z-1) CCL 0 2gu { z2(z—1) }

(From (40) 1< 1+B<z)

2Wo
dw Cp CLpS
or, M- _c&

@ W G 0 @

ISSN : 2581-7175

©IJSRED: All Rights are Reserved Page 442



International Journal of Scientific Research and Engineering Development-— Volume 5 Issue 1, Jan-Feb 2022

Available at www.ijsred.com

which obviously implies that as z increases ,ie, time elapses, weight of the aircraft decreases because of
fuel consumption.

Initially at t=0, from (41) z=1+B, W=W, .Hence Solution to(42) yields

2Wo

W=W, —c DW0 ZC;:{ 4¢ - =) +log =} (43)

2gtu

2Wo
CLpS
CLpS ZB(]_ e gty
_2gtn lzw
ZWO CLps
(1+B eV ) (14B)

which gives the fuel consumption at any instant of time during run on the runway. Replacing t by
tc in equation (44) given by equation (38) one gets the fuel consumption on the runway till the aircraft
stops or in other words the fuel consumption during landing is

W, — = CD Wo

} [By use of (41)] (44)

2Wo
_ Coyy VO Bt 1)1
€= CCL W, o {B+1+210gB} 45)

Substituting for B from equation (34.1) is obtained

1+—L

2Wo WO 2Wo 2Wo
CLps
Cp CLPS \] CLP N CLps VL 1 L
€= C WO -

ZW —v } = C gu {_ 2Wo + Zlog 1— V_L}
CLpS CLps L CLps 2Wy

CLpS
(L) ()
VL VL
2W0 k 2W0) \ 2Wo
cD chs CLps CLps . ) . .
= W0 ZWO s = +t— ...+ o0} Expanding in logarithmic series,we get

CLps CLps

3 5 N
) \B
Cp CLps LPS LPS
E=c—W,
cL 0 gu {I 3

+ ot oopr>0 (46)

We can also evaluate the fuel consumption in terms of velocity with the help of equations (31) and (40):
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2Wo
dW 2 dt CD CWOV Cp 0{ C pS CLpS}}
B = ~C3CopSvi. T CLoguevy c_L' {2W° —v2)
o IMG s
2Wpo
dVV CD VVO CLpS
Or,—==—c— .— {1 —5w—} (47)
> dv C 2Wo _ 2
L 8u (CLPS )
Integrating (47) :v from vy, to v and W from W, toW, we get
W - WO
2Wo 2Wo v
2W0 1 CLpS CLps 'L
Sv- { ( )} (48)
CL gu CLpS} 2Wo 2Wo o 2Wo _
CLpS CLpS” CLps 'L
( Expanding in logarithmic series is obtained)
2Wo 2Wo
Cp W 2W Jes Y Crps VL
=—c=22{v—v, + 0 fog| B | 4 log| Y2 |3
CL gu CLpS2 2Wo 4 o) 2Wo _,
CLpS CLps L

_ C_D% 2W01 _ v _ v
_CCLgu[ L+/ 52 og| 1 Py log 1+%

CLpS CLpS
2Wo 1
+’ 2. —log| 1——==|}I
\]CLPS \JCLDS

Hence the fuel consumption at any instant of time of its travel on the runway is given by

(—)?® (—)°
2Wyo 2Wyo
Cp Wy 2Wo CLpS CrLpS e
Wog—W=c—=—[v—-vg ...+infinit
) 2o gttt )
CLpS

VL VL
( SR ¢ )
2Wo 2Wo

2Wo . VL CLpS CLpS e
...+infini
s (aws T 3 + ty}]
CLpS
(=—)?® (=)°
2Wo 2Wo
Cp W 2W CLpeS CLpeS o
=c=2=2{— [==( +...+infinity)
CL gu CLpS 3
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( VL 3 ( VL )5
2Wo 2Wyo
ZWO CLpS CLpS

( + - +...... +infinity)}

2wy 2Wo
CLpS
Or, Wy — W =c 2% [Zop_( + -~ +._+infinity)

CL gn A/ CLpS

( VL, )3 ( VL )5
2W 2Wo
CLpS CLpS C e e
HES— +infinity)} (48)

gives the fuel consumption at any instant of time t or in other words when it acquires velocity v during its

movement on the runway. How ever, the fuel

consumption € on the runway till it stops is obtained by putting v=0 in the above equation:

Wo
C C
<o Wo /C D J”’ J”’ ...... +infinity)} >0 (49)

CL gu L
After all, it is ratified that (46) and (49) represent the same equation.
CONCLUSION

Study of aircraft motion on the runway for take off and landing is significant for its own sake. During
landing performance, however small may be the fuel consumption, the same is taken into consideration in
order to determine velocity, distance covered on the runway as well as duration of landing. The rate of
fuel consumption with constant /reversal constant thrust is uniform. The foregoing analysis indicates that
greater is the touchdown velocity, greater is the fuel consumption for travel on the runway. Since the
aircraft has to come to rest after completion of its journey on the runway with any of constant thrust
,constant reversal thrust and thrust equal to drag, retarded motion of the vehicle ,caused by atmospheric
drag and runway road friction takes place.
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