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Abstract:

In this paper, we introduce one new function by using Gg-sets and study their properties in a
generalized topological space. Also, we prove every (U, 1)-continuous map is a (W, 1)-G5 -map if (Y, 1) is
a generalized submaximal space. Finally, we give the relations between some functions with respect to

different types of GT.
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I. INTRODUCTION

The notion of a generalized topological space
was introduced by Csaszar in [3]. Let X be any
non-null set. A family p < exp(X) is a generalized
topology [6] in X if & € W and Uier Gr E 1
whenever {G, |t € T} C L where exp(X) is a power
set of X. We call the pair (X, W) as a generalized
topological space (GTS) [6]. If X € p, then the pair
(X, w) is called a strong generalized topological
space (SGTS) [6]. Let Y be a subset of X. Then the
subspace generalized topology [2] is defined by,
Uy ={Y NU | U € u} and the pair (Y, uy) is called
as the subspace generalized topological space [2].

Let (X, ) be a GTS and A be a subset of X. The
interior of A [6] denoted by iy4, is the union of all
L-open sets contained in A and the closure of A [6]
denoted by c4, is the intersection of all p-closed
sets containing A when no confusion can arise. The
elements in | are called the p-open sets, the
complement of a p-open set is called the p-closed
set and the complement of W is denoted by u'.
Denote {U € nw | U # D} by ji [S] and denote
{Ue pnlxe U} by wx) [5].

Throughout this paper, R denote the set of all
real numbers. The notations X3 X; and X5 are
means that the sets {a, b, ¢}, {a, b, ¢, d} and {a, b,
¢, d, e}, respectively.

II. PRELIMINARIES

In this section, we remember some basic
definitions and lemmas which will be useful in the
development of the next sections.

A subset A of a GTS (X, ) is said to be a
H-nowhere dense [5] (resp. u-dense [6], y-codense
[6]) setif ic(A) =D (resp. cA=X, c(X-A)=X). A is
said to be a f-strongly nowhere dense set [5] if for
every V € ji there is U € i such that U < V and
UNA= . Then A is said to be a y-meager (or
U-first category) (resp. p-s-meager (or [-s-first
category)) set [5] if A= U,enyA, wWhere A, is a
w-nowhere dense (resp. [-strongly nowhere dense)
set for all n € N, N is the set of all Natural numbers.

In a GTS, every subset of a u-strongly nowhere
dense set is a L-nowhere dense set and every subset
of a p-meager (resp. [l-s-meager) set is [l-meager
(resp. U-s-meager) [5].
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Let (X, u) be a GTS and A be a subset of X.
Then A is said to be a p-second category (U-11
category) (resp. p-s-second category (U-s-II
category)) set [5] if A is not a [l-meager (resp. [L-s-
meager) set. A is a f-residual (resp. u-s-residual) [5]
setif X - A is a pu-meager (resp. [L-s-meager) set.

A GTS (X, W) is said to be w-II category (resp.
M-s-1I category) if X is p-II category (resp. W-s-II
category) as a subset. A space X is called a Baire
space (BS for short) (resp. weak Baire space (for
short, wBS)) [5] if each V € i is of p-II category
(resp. p-s-II category) in X. A space (X, W) is a
strong Baire space, in short sBS [5] if
VinV,n ..V, is of p-II category set for all
Vi, Vo, ...,V €Epusuchthat VNV, N ...V, # .

Also, every sBS is a BS and every BS is a wBS
[5]. Equivalently, (X, W) is called a Baire space [6]
if for any sequence {G,},en consisting of p-open
and pu-dense subsets of X, N,y Gn is a U-dense set
in X.

Define u* = {U,(Uf nUsn..nUL)| UL US, ..,
Up, €pyand p* ={A c X |Ais of p-II category
set} U{D} [5]. Then u € u* and u c p** if (X, W) is
a Baire space [5]. Also, u* < u** if (X, W) is a sBS
[9].

In a GTS, define u¥ = {J}U {4 c X| Ais of u-
s-IT category set} [12]. Then p** c u”, u c uV if
(X, W is awBS and u* c pV if (X, w) is a sBS [12].

A space (X, W) is called hyperconnected [4] if
every non-null p-open subset of X is p-dense in X.
Let (X, W) be a GTS. X is said to be a generalized
submaximal space [4] if every U-dense subset of X
is a [l-open set in X.

The following lemmas will be useful in the
sequel.
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Lemma 2.1. [6, Lemma 3.2] Let (X, W) be a GTS
and let A, Uc X. IfUEiand UN A = &, then
UNncA=03.

Lemma 2.2 [6, Theorem 5.3] Let (X, i) be a GTS.
The following are equivalent.

(a) X is Baire.

(b) If A # & is u-residual in X, then A is u-dense in
X.

(c) If B # X is u-meager in X, then B is u-codense
in X.

(d) Every U € i is u-second category in X.

(e) iF = @, for every F is a uy-meager set in X.

(f) For every u-closed set F, with iF, =,
i(Unen F) = 2.

Lemma 2.3 [9, Theorem 4.3] Let (X, W) be a
hyperconnected space. If X is of U-II category, then
(X, w) is a BS.

III. NATURE OF G3-MAP

In this section, we introduce one new map
namely, G5-map and analyze the nature of this map
in a generalized topological space.

First, we recall some basic definitions defined in
a generalized topological space for improvement of
this section.

A subset A of a generalized topological space
(X, w is said to be a W- Gg-set [1] if A=
Nneny 45, where each A, is a (-open set. A subset B
of a generalized topological space (X, W) is said to
be a y-F;-set [1] if B = Upen By, where each B, is a
l-closed set.

A GTS (X, W) is said to be a generalized Gg-
submaximal space [1] if every [-dense subset of X
is a U-Gg-set in X.
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Now we define a new map namely, Gg-map in a
GTS as in the following way;

Definition 3.1. Let (X, W), (Y, n) be two generalized
topological spaces and f: X — Y be a map. Then fis
said to be a (W, M)- Gz -map if f~1(V) is a
U-Gg-set whenever V is a n-dense set.

The existence of a G5-map in a generalized
topological space as shown by the following
Example 3.2.

Example 3.2. Consider the generalized topological
spaces (X4, W) and (X5, ) where u = {Q, {qa, b}, {q,
b, c}, {a, b, d}, {a, c, d}, {b, c, d}, X}, ={D, {a,
b, c}, {a, b, d}, {a, c, d}, {b, ¢, d}, {a, b, c, d}}.
Define a map f: (X, 1) = (Xs,m) by fla) = b; fib) =
c; flc) = d; fld)= a. Here f~1(V) is a u-Gg-set in X,
whenever V is a m-dense set in Xs. Thus, f is a
(W, M)-Gg-map.

Theorem 3.3. Let (X, W), (¥, ) be two generalized
topological spaces and f: X — Y be a map. Then the
following are equivalent.

(a) fis a (u, n)- Gj-map.

(b) If U is a y-codense set in Y, then f‘l(U) is a
u-F;-setin X.

Proof. (a) = (b). Let U be a mn-codense set in Y.
Then Y - U is a n-dense set in Y and so f~1(Y — U)
is a U-Gg-set in X, by (a). Since f71(Y —U) =X —
f~Y(U)we have X — f~1(U) is a p-Gg-set in X
which implies that f~1(U) is a p-F;-set in X.

(b) = (a). Let B be a m-dense set in Y. Then
Y - Bis an-codense setin Yand so f~1(Y — B) isa
U-F,-set in X, by (b). This implies X — f~1(B) is a
W-F;-set in X which implies that f ~1(B) is a p-Gs-
set in X. Therefore, fis a (u, 7)- G5-map.

Corollary 3.4. Let (X, W), (¥, n) be two generalized
topological spaces and f: X — Y be a map. If fis a
(1, n)- Gz-map, then the following hold.
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(a) If A is a m-nowhere dense set in Y, then
f~1(A)is a u-F,-setin X.
(b) If B is a n-strongly nowhere dense set in Y, then
f~Y(B) is a u-F,-set in X.

Proof. We will present the detailed proof only for
(a). Let A be a m-nowhere dense set in Y. Then
incyA =@ and so ¢,(Y —A) =Y which implies
that A is a m-codense set in Y. By hypothesis and
Theorem 3.3, f~1(A) a u-F,-set in X.

Corollary 3.5. Let (X, u) be a GTS, (¥, 1) be a BS
and f: X — Y be a map. If fis a (1, )-G5-map, then
the following hold.

(a) If A is a m-residual set in Y, then f~1(4) is a
u-Gg-setin X.

(b) If B is a m-meager set in Y, then f~1(B)is a
u-Fy-setin X.

Theorem 3.6. Let (X, W) be a GTS, (¥, n) be a
hyperconnecded space and f: X — Y be a map. If Y
is of M-II category and if fis a (U, 1)-G5-mapping,
then for any n-Gs-set A C Y, f~1(A) is a u-Gs-set.

Proof. Let A be a Nn-Gg-subset of Y. Then A =
Nnen A Where each A, is a n-open set in Y and so
A, is a n-dense set in Y for all n € N, by hypothesis.
Since (Y, m) is a hyperconnecded, M-I category
space we have (Y, n) is a BS, by Lemma 2.3.
Therefore, A is a -dense set in Y. Hence f~1(4) is
a u-Gg-set in X, since fis a (U, N)-G5-map.

Theorem 3.7. Let (X, W) be a hyperconnecded space,
(Y, m) be a GTS and f: X = Y be a map. If X is of
u-II category and if f is a (W, M)-Gg-map, then
f~1(A) is a p-dense set in X whenever A is a
1-dense subset of Y.

Proof. By hypothesis and Lemma 2.3, (X, W) is a BS.
Let A be a M-dense subset of Y. Then f~1(4) is a
u- Gs-set in X, by hypothesis and so f~1(4) =
Nnen 4y, where each A, is a non-null p-open set in
X. By hypothesis, A, is a U-dense set in X for all
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n € N which implies that f ~1(A) is a u-dense set in
X, since (X, W) is a BS.

Theorem 3.8. Let (X, W) be a GTS, (¥, n) be a
generalized Gg-submaximal space and f: X — Y be
amap. If f~1(A) is a u-Gg-set whenever A is a N-Gg
-subset of ¥, then fis a (u, 7)- G5-map.

Theorem 3.9. Let (X, 1), (¥, W) be two GTSs and
f:(X,n) > (Y,u) be a map. If (Y,u™™) is a
generalized Gg-submaximal, Baire space and the
complement of a **-Gs-set is not a u**-Gg-set, then
the following are equivalent.

(a) fis a (n, u**)-G5-map.

(b) For any pu**-Gg-set Ain Y, f~1(A) is a n-G-set.

Proof. Suppose f is a (1, u**)-G5-map. Let A be a
W*-Gg-subset of Y. Then A = N,y A, Where each
A, is apu™™-open set and so Y - A = Upen(Y — 4,)
where each Y - A, is a **-closed subset of Y. Now
we prove A is a pu**-residual set in Y. Suppose
[y+(Y —A,) # & for some n. Then there exists
G € @™ such that G < Y - A,. Thus, G is of p-II
category so that Y - A, is of p-II category, since
subset a meager set is a meager set. Therefore,
Y-A,€Efi*sothatY —A € g™ Thus, Y - Ais a
W**-Gg-set which is a contradiction to the hypothesis
so that Ly (Y — A,,) = D for all n. Therefore, each
Y - A, is a u**-nowhere dense set. Hence Y - A is a
u** -meager set implies that A is a pu** -residual
subset of Y. By hypothesis and Lemma 2.2, A is a
W*-dense subset of Y. By assumption, f~1(A4) is a
N-Gs-set. Converse follows from Theorem 3.8.

The condition ““the complement of a u**-Gs-set
is not a u**-Gg-set" cannot be dropped in Theorem
3.9 as shown by the following Example 3.10.

Example 3.10. Consider the generalized topological
spaces (X3, n) and (Xy, u) where = {Q, {q, b}, {a,
C}’ X3}’ n= {Q’ {Cl, b}’ {a) b) C}) {Cl, b} d}) X4}
Then p** = (@} U {{a}, {b}, {a, b}, {a c}, {a d},
{b, ¢}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d},
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X4} and so (Xy, ©*) is a generalized Gg-submaximal,
BS. But, there exist U < X, which is a u**-Gs-set
where U = {c, d} and also X, - U is a u**-Gg-set.
Define a map f:(X3, 1) > (X4, p) by fla) = b;
fib) = c; fic) = d. Here f~1(V) is a n-Gg-set in X;
whenever V is a u**-dense set in Xy. Thus, fis a
(M, w**)-G5-map. Let B = {c} be a subset of X,.
Then B is a u**-Gg-set. Here f~1(B) = {b}. But {b}
is not a M-Gg-set in X3. Thus, there exist B < X,
which is a u**-Gs-set set but f ~1(B) is not a N-Gs-
set in X;.

Theorem 3.11. Let X be a non-null set and L, 1 be
two generalized topologies defined in X such that
W < m. If fis either a (u, n)- Gs-map or (n, W- G5-
map, then fis a (1, n)- Gg-map.

Proof. Suppose fis a (u, 1)- G5-map. Let A be a
n-dense set in X. Then f~1(A) is a pu-Gg-set and so
f1(A) is a N-Gg-set in X, since i < M. Thus, fis a
(M, #)- Gs-map.

Assume that, (1, &)- Gs-map. Let A be a n-dense
set in X. Since L € 1M, N-dense is (-dense. Thus, A is
a u-dense set in X. By assumption, f~1(4) is a
N-Gs-set in X. Therefore, fis a (1, #)-G5-map.

Observation 3.12. Let (X, p) be a BS. If fis either a
(1, w)- G5-map or (u**, w)- Gz-map, then f is a
(W™, u*)- Gs-map.

Proof. This observation follows from the fact that
u S pwif (X, p) is a BS and the similar arguments
in Theorem 3.11 so the proof is omitted.

The following Observation 3.13 follows from
the fact that u € u” if (X, ) is a wBS.

Observation 3.13. Let (X, W) be a wBS. If fis either
a (u, nY)- Gs-map or (uY, u)- G-map, then fis a
(1Y, uY)- Gs-map.

Observation 3.14. Let (X, i) be a sBS. Then the
following hold.
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(a) If f is either a (u*, u*™*)- Gs-map or (u™*, u*)-
Gs-map, then fis a (u**, u**)- G5-map.

(b) If f is either a (u*, u")- G5-map or (1", u*)-
Gs-map, then fis a (u”, u")- G5-map.

Proof. Suppose (X, W) is a sBS. Then u* S p** and
u* € Y. By similar Considerations in Theorem
3.11, wet get the proof.

Remark 3.15. Let (X,u) be a generalized
topological space. Then the following hold.

(a) Every (4, J)-Gg-map is a (1, u*)- Gg-map.

(b) In a BS, every (1, W)-Gz-map is a (U, u**)- G5-
map.

(c) Ina wBS, (U, Ww)-G§-map is a (U, u”)- G5-map.
(d) Every (™, u*™)- G§-map is a (W™, u¥)- G-
map.

(e) In a sBS, (u*, u*)-G§-map is a (u*, u”)- G;-
map and hence (uV, u¥)- G5-map.

Let (X, w) and (Y, m) be two generalized
topological spaces. Then the following diagrams are
always true.

(1, M)-G5-map —» (u*, M)-G5-map
1.

(1, n™)-Gz-map —— (u*, n*)-G5-map

(W™, n*)- Gs-map —» (1, n**)- Gz-map
2.

(™, n")- Gs-map —> (u¥,n")- Gz-map

Theorem 3.16. Let (X, p) be a GTS, (Y, 1) be a BS
and f: (X, 1) = (Y,n) be a map. If fis a (W, n)-Gs-
map, then the following hold.

(a) fis a (1, n**)- G5-map.

(b) fis a (4, n¥)- G5-map.

(c) fis a (u*,n*™*)- G5-map.

(d) fisa (u*,n")- Gz-map.
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Proof. It is a direct consequence of the Definition
3.1 and using the facts that n € n**, n € n".

In Theorem 3.16, we replace the condition
(Y, n) be a BS" by (¥, 1) be a wBS", then (b)
and (d) are holds, only.

Theorem 3.17. Let (X, W) be a GTS, (¥, 1) be a sBS
and f: (X, ) = (Y,n) be a map. If fis a (u, n*)-G;-
map, then the following hold.

(a)fisa (u, n")- Gy-map.

(b) fis a (u,n**)- G5-map.

(c)fisa (u*,n")- G5-map.

(d) fis a (u*,n™)- Gs-map.

Theorem 3.18. Let (X, w) be a sBS, (¥, n) be a GTS
and f: (X, ) = (Y,n) be a map. If fis a (u*,n)-G5-
map, then the following hold.

(a)fisa (u**,n)- Gs-map.

(b) fisa (1", 1)- G5-map.

(c) fisa (W™, n*)- G5-map.

d) fisa (#¥, n*)- Gz-map

A generalized topology U on X is said to satisfy
the [I-property [8] whenever Wi, W,,...,W, € u
with Wy nW,n..nW, # @, i, W,nW,n..n
W) # Q.

Theorem 3. 19. Let (X, i) be a GTS and W has the
I-property. Then the following hold.

(a) Every [1-dense subset of X is a u*-dense set in X.
(b) Every U-codense subset of X is a u*-codense set
in X.

(c) Every u-nowhere dense subset of X is a
w*-codense set in X.

(d) Every p-strongly nowhere dense subset of X is a
w*-codense set in X.

(e) If (X, W) is a hyperconnected space, then (X, u*)
is a hyperconnected space.

Proof. It is enough to prove (a) and (e), only .
(a). Let A be a pu-dense subset of X and G € 7*.
Then G = U.(G{ N G5 N ...N Gy,) where Gf, G5, ...,
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Gr, €. Take G =GfNGYn..NGK where
Gf,G5,...,G¥ € p with G, #Q for some k. By
hypothesis, i,,G, # & which implies that i,Gy € i
which turn implies that i,G, N A # &. Thus,
G N A # . Therefore, A is a u*-dense set in X.

(e). Suppose (X, W) is a hyperconnected space. Let
B € i*. Then B = U.(Bf NB;N..NB}) where
Bf,BS,..,Bi, € u. Take B, = Bf N BY n .. n B,
where B{‘,Bé‘, ...,B,’fk € u with B, #O for some k.
By hypothesis, i,By # <& which implies that
iyBy € {i which turn implies that i, By, is a [1-dense
set. By (a), i, By is a u*-dense set in X implies that
By, is a u*-dense set in X. Therefore, B is a u*-dense
set. Hence (X, u*)is a hyperconnected space.

Corollary 3.20. Let (X, w), (¥, n) be a two GTSs
and M has the I-property. If f: (X,u) » (Y,n) is a
(4,m™)-G5-map, then the following hold.

(a) fis a (u, m)-G5-map.

(b) fis a (u*, 1)-G5-map.

Proof. This is direct consequence of Theorem 3.19

(a).

Corollary 3.21. Let (X, W) be a BS, (¥, ) be a GTS
and M has the I-property. If f: (X,u) » (Y,n) is a
(4,m™)-G5-map, then the following hold.

(a) fis a (1™, m)-G5-map.

(b) fis a (u”,1)-G5-map.

Lemma 3.22. [10, Theorem 4.9.] Let (X, W) be a
generalized submaximal space. Then every p-dense
subset of X is a u**-dense set in X.

Theorem 3.23. Let (X, n) be a generalized
submaximal space. Then every p-codense subset of
X is a u**-codense set in X.

Proof. This proof directly follows from Lemma
3.22 so the proof is omitted.

Available at www.ijsred.com

The following Example 3.24 (a) shows that the
condition (X, 1) be a generalized submaximal
space" cannot be dropped in Lemma 3.22 and
Theorem 3.23. The reverse implication of Lemma
3.22 and Theorem 3.23 is need not be true as shown
by the following Example 3.24 (b).

Example 3.24. (a) Consider the generalized
topological spaces (Xy, W) where U = {Q, {a, b}, {b,
c}, {a, b, c}}. Then (X4, W) is not a generalized
submaximal space. For, {b} is u-dense but which is
not p-open. Here ™ = {J} U {A b e A}.

1. Take B = {a, c}. Then B is u-dense but B is not
u**-dense. For, c,~B =B #X,.

2. Let A = {b}. Then A is [-codense but A is not
u**-codense. For, c,(Xy - A) = ¢+ ({a, ¢, d}) = {a,
C, d} ;ﬁ X4.

(b) Consider the generalized topological spaces
(X4, W) where w = {J, {a}, {a, b}, {b, ¢}, {a, c}, {a,
b, c}, {a, ¢, d}, {a, b, d}, X4}. Then (X4, 1) is a
generalized submaximal space. Then u**= {J} U
{Alae A}.

1. Let G = {a}. Then G is u**-dense but G is not p-
dense. For, c,G = {a, d} #X,.

2. Let H = {b, c}. Then H is u**-codense but H is
not H-codense. For, ¢, (Xy - H) = ¢,({a, d}) = {a, d}
* Xy

Corollary 3.25. Let (X, pu) be a generalized
submaximal space. Then the following hold.

(a) Every u-nowhere dense subset of X is a
w*-codense set in X.

(b) Every p-strongly nowhere dense subset of X is a
w**-codense set in X.

Proof. This is a direct consequence of Theorem
3.23 so the proof is neglated.
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Let (X, n) be a GTS and (Y, ) be a generalized
submaximal space. Then by Lemma 3.22 the
following diagram is true.

(W, n**)- Gg-map — (W, )- G5-map

~

Corollary 3.26. Let (X, ) be a BS and (¥, n) be a
generalized submaximal space. If f: (X, u) = (Y,n)
is a (W, n™*)- Gz-map, then the following hold.

(@)} fis a (W™, n)- G5-map.

(b) fis a (u”,n)- Gz-map

(u*,m)- G5-map

Proof. This proof directly follows from Lemma
3.22 so the proof is omitted.

IV. FUNCTIONS ON GTSs

In this section, we give the relations between
Gz-map and continuous map, feebly open map in a
GTS. Also, we analyze the nature of four types of
functions in a generalized topological space.

First of all, we remember some basic definitions
for the development of this section.

Let (X, W) and (Y, n) be two GTSs. A function
f:(X,u) - (Y,n) is called feebly (U, M)-continuous
[7] (resp. (W, M)-continuous [6]) if i,(f~*(B)) #@
for every B ¢ Y with i, B #@ (resp. f ' (U) € u for
each U € n). Then fis called a (U, n)-open (resp.
feebly (U, M)-open) map if AU) € M foreach U € n
[6] (resp. i, (f(U)) #@ for each i,U #@ [7)).

Lemma 4.1 [10, Theorem 3.4] Let (X, u) be a GTS.
If X is of p-II category, then the following hold.

(a) Every pu-meager subset of X is not a p-residual
setin X.

(b) Every p-residual subset of X is a p-II category
setin X.

(c) Complement of a p-nowhere dense set is a p-1I
category set in X.
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Lemma 4.2. [11, Theorem 4.6] Let (X, W), (¥, n) be
two GTSs and f: (X, u) — (Y,n) be a feebly (U, n)-
open map. If A is m-codense, then f~1(A4) is
[L-codense.

Theorem 4.3. Let (X, W) be a generalized Gg -
submaximal space and (¥, m) be a GTS. If
f:(X,u) - (Y,n) is a feebly (L, n)-open map, then
fis a (i, )-Gy-map.

Proof. Let A be a n-dense setin Y. Then Y- A is a
N-codense set in Y and so f~1(Y - A) is p-codense in
X, by Lemma 4.2. Thus, X - f~(A) is a u-codense
set in X so that f~1(A) is p-dense in X. By
hypothesis, f~1(A) is a p-Gg-set in X. Hence f is a
(1, M)-G5-map.

In Example 4.4, (a) proves that the condition
(X, W) be a generalized Gg-submaximal space” can
not be dropped in Theorem 4.3 and (b) shows that
the reverse implication of Theorem 4.3 is need not
be true.

Example 4.4. (a). Consider the generalized
topological spaces (Xy, W) and (X5, 1) where p = {J,
{a,b,c}, {a, c,d}, X4}, M ={D, {a, b}, {b, ¢}, {a, b,
c}, {a, b, d}, {a, b, c, d}}. Then (X4, W) is not a
generalized Gg-submaximal space. For, let A = {c}.
Then A is a [-dense set. But A is not a [-Gg-set in
X,. Define a map f: (X,, u) = (Xs,n) by fla) = b;
fib) = ¢; fic) = a; fid) = d. Here i,,(f(U)) #D for
each i, U #. Thus, fis a feebly (U, n)-open map.
Let U= {b} be a subset of Xs5. Then U is a n-dense
set. But f~1(U) = {a} is not a u-Gg-set in X,. Thus,
fis not a (U, n)-Gz-map.

(b). Consider the generalized topological spaces
(X4, W) and (X5, m) where u = {J, {a, b}, {b, c}, {a,
b, c}, {a, b, d}, {a, c, d}, {b, c, d}, X4}, M = {9, {a,
d}, {b, c}, {c, d}, {a, c, d}, {b, c, d}, {a, b, c, d}}.
Then (X4, W) is a generalized Gg-submaxi-mal space.
Define a map f: (X, 1) = (Xs,1) by fla) = b; fib)
= a; fic) = d; fid) = c. Here f~1(V) is a u-Gg-set in
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X, whenever V is a m-dense set in Xs. Thus, fis a
(4, M)-Gs-map. Choose U = {a, b} < X, Then
i, U #Q. But i, f(U)=iy({a, b}) = . Thus, fis not
a feebly (U, n)-open mapping.

Theorem 4.5. Let (X, w) be a GTS and (Y, n) be a
generalized submaximal space. If f: (X, u) = (Y,n)
is a (W, M)-continuous map, then f is a (W, M)-Gg-
map.

Proof. Let A be a n-dense set in Y. By hypothesis,
A is m-open so that f~1(A) is a p-open set in X,
since fis a (U, N)-continuous map. Thus, f~1(A) is a
u-Gs-set in X. Hence fis a (U, N)-G5-map.

Example 4.6 (a) proves that the condition ~(Y, 1)
be a generalized submaximal space" cannot be
dropped in Theorem 4.5 and the converse part of
Theorem 4.5 is need not be true as shown in
Example 4.6 (b).

Example 4.6. (a). Consider the generalized
topological spaces (X3, W) and (X4, n) where u = {J,
{a, c}, {b, ¢}, X5}, ={D, {b, c}, {b, d}, {b, c, d}}.
Then (X4, 1) is not a generalized submaximal space.
For, let A = {a, b}. Then A is a 1-dense set. But A is
not a Mn-open set in Xy. Define a map f: (X3, pu) =
(X4,m) by fla) = ¢; fib) = d; fic) = b. Here f (V) €

u for each U € 1. Thus, fis a (W, n)-continuous map.
Let U = {c, d} be a subset of X,. Then U is n-dense.

But f~Y(U) = {a, b} is not a u-Gg-set in X3. Thus, f
is not a (W, N)-Gz-map.

(b) Consider the set X; with two generalized
topologies |, N where u = {J, {qa, b}, {a, c}, {a, d},
{b, c}, {b,d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d},
Xihm = {9, {d}, {a, d}, {b, d}, {c, d}, {a, D, d},
{a, ¢, d}, {b, ¢, d}, X4}. Then (X4, M) is a
generalized submaximal space. Define a map
f: (X4, 1) = (X4,m) by fla) = d; fib) = c; fic) = b;
fid) = a. Here f~1(V) is a u-Gg-set in X; whenever V
is a m-dense set in Xy Thus, fis a (W, M)-Gz-map.
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Choose U = {d} < X,. Then U € 1. But f "} (U) ¢ u.
Thus, fis not a (U, n)-continuous map.

Theorem 4.7. Inverse image of a generalized
submaximal space is a generalized Gg-submaximal
space whenever the function is (U, M)-continuous
and an injective.

Proof. Let (X, w) be a GTS and (Y, ) be a
generalized submaximal space. Suppose f: (X, u) -
(Y,n) is a (4, n)-continuous, injective map. Then f
is a (W, M)-G5-map, by Theorem 4.5. Let A be a
p-dense subset of X. Then f{A) is a Mn-dense subset
of Y, since fis (W, n))-continuous and so f~1(f(A)) is
a U-Gg-set in X, by hypothesis. Since f is an
injective map, A is a i-Gg-set in X. Hence (X, W) is a
generalized Gg-submaximal space.

Corollary 4.8. Let (X, u) be a GTS and (Y, n) be a
generalized submaximal space. If f: (X, u) = (Y,n)
is a (W, M)-continuous, injective map, then (X, u*) is
a generalized Gg-submaximal space.

Theorem 4.9. Inverse image of a hyperconnected
space is hyperconnected under the feebly (W, m)-
open, injective map.

Proof. Let (X, n) be a GTS and (¥, n) be a
hyperconnected space. Suppose f:(X,u) = (Y,n)
is a feebly (U, m)-open, injective map. Let G € fi.
By hypothesis, i, (G)) # &. Since (¥, n) is a
hyperconnected space, i, (f(G)) is a n-dense set and
so fi(G) is a m-dense set. Thus, Y - flG) is a Nn-
codense set so that f~1(Y - {G)) is a p-codense set
in X, by Lemma 4.2. Then X - f~Y(fG)) is a p-
codense set and so f ~1(fG)) is a p-dense set in X.
Since f is an injective map, G is a [-dense set in X.
Hence (X, W) is a hyperconnected space.

Theorem 4.10. Let (X, u) be a GTS, (¥, ) be a
hyperconnected space and f:(X,u) - (Y,n)be a
feebly (U, m)-open, injective map. If X is of p-II
category and if f is a (W, M)-Gs5-map, then f is a
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(u**,n)-continuous map and hence (1", n)-continuous map.

Proof. Let G be a n-open set in Y. Suppose G = &. Then f~1(G) = & and so f~1(G) € u**. Assume that, G
+ . By hypothesis, G is a n-dense set in Y. Then f~1(G) is a u-G-set, since fis a (W, 1)-G3-map. Suppose
f~Y(G) = @. Then there is nothing to prove. Assume that, f ~1(G) is a non-null u-Gg-set. Then f~1(G) =
N,en Gpwhere each G, € [i. By hypothesis and Theorem 4.9, (X, 1) is a hyperconnected space so that each
G, is a u-dense set. By hypothesis and Lemma 2.3, (X, W) is a BS so that f ~1(G) is a p-dense set in X. Thus,
f"l(G) is a pU-dense, [-Gg-set in X. Here each G, is a |I-dense set so that WX -Gy = . Also, X — G, is a
u-closed set in X for each n € N, since each G, € fi. Therefore, each X - G, is a p-nowhere dense set.
Hence X - f~1(G) is a p-meager set so that f ~1(G) is a p-residual set in X. By hypothesis and Lemma 4.1,
f~YG) is of p-II category in X. Thus, f~1(G) € u**. Therefore, f is a (u**,n) -continuous map. Since
u* € uV, fisa (u’,n)-continuous map.

Let (X, W) and (Y, 1) be two GTSs. Then the following diagrams are always true.

feebly (u*,n)-open map ———» feebly (i, n)-open map

1.
feebly (1, n*)-open map feebly (u*,n*)-open map
feebly (u”,n)-open map ——» feebly (u**,77)-open map
2.
feebly (u**, n™)-open map feebly (u¥,n*)-open map
(1*,m)-open map —— (i, 7)-open map
3.
(4, m*)-open map (1*,n")-open map
(uV,m) -open map ——» (u**,m)-open map
4,
(u**,m*)-openmap  (u”,n*)-open map
feebly (u, n*)-continuous map —» feebly (i, 7)-continuous map
5.
feebly (u*, n)-continuous map feebly (u*, n*)-continuous map
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feebly (u,n")-continuous map ——» feebly (1, n**)-continuous map

feebly (u*, n**)-continuous map

In the rest of this section, we give some
properties for cliquish functions in GTSs.

First of all, we remember the definition for
cliquish function in a GTS.

Here, we will denote the set of p-continuity
(resp. W-discontinuity) points of f, by C,(f)
(resp. D, (f)) where f: X - R.

A function f : X — Ris (W, M)-cliguish if the
set Cp(f) is u-dense [S]. If (X, w) is a BS and D, (f)
is a ll-meager set, then fis (W, 1)-cliquish [5].

Theorem 4.11. Let (X, u) beaGTSand f : X - R
be a map. If W has the I-property and if fis (W, 1n)-
cliquish, then fis a (u*,n)-cliquish function on X
where 1 is any GT on X.

Proof. Suppose fis a (4, n)-cliquish function on X.
Then C,,(f) is u-dense and so C, (f) is #*-dense, by
hypothesis and Theorem 3.19 (a). Hence f is a
(u*,m)-cliquish function on X.

Theorem 4.12. Let (X, p) be a generalized
submaximal space and f : X — Rbe a map. If fis
(W, m)-cliquish, then fis a (u**,n)-cliquish function
on X where 1 is any GT on X.

Theorem 4.13. Let (X, u) be a weak Baire space
and f: X > Rbe a map. If fis (u¥,n)-cliquish,
then fis a (U, Mn)-cliquish function on X where 1 is
any GT on X.

Theorem 4.14. Let (X, W) be a generalized
topological space and f:X — R be a map. If
p* # {@} and if fis (uY,n)-cliquish, then f is a

feebly (u*,n")-continuous map

(u**,m)-cliquish function on X where n is any GT
on X.

V. CONCLUSION

This paper provides the basic analysis for
carrying out Gg-map in a GTS. We have given a
special kind of relationship between various types
of functions in a GTS.

ACKNOWLEDGMENT

The authors would like to thank the referees for
their deep observations and valuable comments to
improve this article.

REFERENCES

[1] M. R. Ahmadi Zand and R. Khayyeri,
Generalized Gg -submaximal spaces, Acta Math.
Hungar., 149 (2) (2016), 274 - 285.

[2] S. Al Ghour, A. Al-Omari and T. Noiri, On
homogeneity and homogeneity components in
generalized topological spaces, Filomat, 27 (2013),
1097 - 1105.

[3] A. Csaszar, Generalized open sets, Acta Math.
Hungar., 75 (1997), 65 - 87.

[4] E. Ekici, Generalized Submaximal Spaces, Acta
Math. Hungar., 134 (1 —2) (2012), 132 - 138.

[5] E. Korczak - Kubiak, A. Loranty and R. J.
Pawlak, Baire generalized topological spaces,
generalized metric spaces and infinite games, Acta
Math. Hungar., 140 (2013), 203 - 231.

ISSN : 2581-7175

©IJSRED: All Rights are Reserved

Page 535



International Journal of Scientific Research and Engineering Development-— Volume 3 Issue 2, Mar-Apr 2020
Available at www.ijsred.com

[6] Z. Li and F. Lin, Baireness on generalized
topological spaces, Acta Math. Hungar., 139 (4)
(2013), 320 - 336.

[71 V. Renukadevi and T. Muthulakshmi, Weak
Baire spaces, Kyungpook Math. J. 55 (2015), 181 -
189.

[8] V. Renukadevi and S. Vadakasi, On lower and
upper semi-continuous functions, Acta Math.
Hungar., 160 (2020), 1 - 12.

[9] S. Vadakasi and V. Renukadevi, Two classes of
functions, communicated.

[10] S. Vadakasi and V. Renukadevi, Special
functions on GTSs, communicated.

[11] S. Vadakasi and V. Renukadevi, Properties of
nowhere dense sets in GTSs, Kyungpook Math. J.,
57 (2017), 199 - 210.

[12] S. Vadakasi, Properties of generalized
topologies in GTSs, communicated.

ISSN : 2581-7175 ©IJSRED: All Rights are Reserved Page 536



