
International Journal of Scientific Research and Engineering Development-– Volume 5 Issue 4, July-August 2022 

 Available at www.ijsred.com 

ISSN : 2581-7175                           ©IJSRED:All Rights are Reserved Page 1062 

 
GENERALIZED PYTHAGOREAN FUZZY CLOSED SETS 

 

T.Rameshkumar*, S.Maragathavalli
2
** 

*(Department of Mathematics, Nehru Arts and Science College, Coimbatore, Tamilnadu, India 

Email: rameshmath610@gmail.com) 

** (Department of Mathematics, Government Arts College, Udumalpet, Tamilnadu, India 

Email:smvalli@rediffmail.co) 

 

----------------------------------------************************----------------------------------

Abstract: 
This document gives formatting instructions for authors preparing papers for publication in the 

Proceedings of an IEEE conference.  The authors must follow the instructions given in the document for 

the papers to be published.  You can use this document as both an instruction set and as a template into 

which you can type your own text. 

 

Keywords —Put your keywords here, keywords are separated by comma. 

----------------------------------------************************----------------------------------

1. INTRODUCTION 

In 1965,fuzzy set theory first introduced 

by Zadeh [13].Fuzzy set theory was 

characterized by 

amembershipfunctionwhichassignstoeachtarge

tamembershipvaluerangingbetween0and1. In 

1968, the concept of fuzzy topological space 

was introduced by Chang [2]. Also 

generalizedsome basic notions of topology 

such as open set, closed set, continuity and 

compactness to 

fuzzytopologicalspaces.Atanassov[1]introduce

dtheconceptofintuitionisticfuzzysets.Anintrodu

ctionto intuitionistic fuzzy topological spaces 

was given by Coker [3] in 1997. Yager 

proposed another classof non-standard fuzzy 

sets, called Pythagorean fuzzy sets. The 

concept and notions of 

Pythagoreanfuzzytopologicalspaceswasintrodu

cedbyMuratOlgun,MehmetUnverandSeyhmus

Yardimici [6].In 2020,Naeem et.al [6].studied 

Pythagorean m-polar fuzzy topology with 

TOPSIS approach 

inexploringmosteffectualmethodforcuringfrom

COVID-19 in 2020. 

TahaYasinOzturkandAdemYolcu [11] 

introduced some operations such as 

Pythagorean fuzzy interior, closure boundary 

on Pythagoreanfuzzy topological spaces.Also, 

Pythagorean fuzzy open (closed) functions and 

Pythagorean 

fuzzyhomeomorphismareintroducedandtheirba

sicpropertiesareinvestigatedin 2020. 

 

2. PRELIMINARIES 
Definition 2.1.  Let  X  be  the non-empty 

universe of  discourse.A  fuzzy  set A in 

X,A  = {(x, µA(x)) : x ∈X} where µA:  X  → [0, 

1] is the membership function of the fuzzy 

setA;µA(x)∈[0,1]isthemembershipofx∈XinA 

Definition 2.2.Let X be the non-empty 

universe of discourse. An Intuitionistic 

fuzzyset (IFS) A in X is given by A= {x, 

µA(x), νA(x) : x ∈X} where the functionsµA(x) 

∈[0, 

1]andνA(x)∈[0,1]denotethedegreeofmembership

anddegreeofnon- membershipofeachelementx 

∈Xto the set A, respectively, and0 ≤ µA(x) + 

νA(x) ≤ 1for eachx ∈X .The degree 

ofindeterminacyIA=1−(µA(x)+νA(x))foreach

x∈X. 
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Definition 2.3.  Let (X, T) be an intuitionistic 

fuzzy topological space. An 

intuitionisticfuzzysetAin(X,T) 

issaidtobegeneralizedintuitionisticfuzzyclosed

(inshortlyGIF-closed)ifIFcl(A) 

⊆GwheneverA ⊆Gand G is intuitionistic 

fuzzy open.The complement of aGIF-

closedsetisGIF-open. 

Definition 2.4. Let X be the non-empty 

universe of discourse. A Pythagorean fuzzy 

set(PFS)PinXisgivenbyP= �〈�, ��	�
,
��	�
〉 ∶ � ∈
�� wherethefunctions ��	�
 ∈[0,1]and 

��	�
∈[0,1]denotethedegreeofmembershipand

degreeofnon- membershipofeachelement 

x∈XtothesetP,respectively,with the condition 

that 0	 ≤	���	�
 +	���	�
 ≤
1 foreachx∈X.Thedegreeofindeterminacy 

�� = �1 − 	���	�
 + 	���	�

foreach x∈X. 

Definition2.5.LetP1=�〈�, ���	�
,
���	�
〉 ∶ � ∈ ��andP2=�〈�, ���	�
,
���	�
〉 ∶ � ∈
��betwoPythagoreanfuzzysetsoverX.Then, 

1. thePythagoreanfuzzycomplementof 

P1isdefinedby 

�� =	�〈�, ��	�
, ��	�
〉 ∶ � ∈ ��} 

2. thePythagoreanfuzzyintersectionofP1andP2isd

efinedby 

  �� ∩	�� =	 �〈�,"#$����	�
,
���	�
�,max	����	�
,���	�
	�	〉:	� ∈ �) 

3. thePythagoreanfuzzyunionofP1andP2isdefined

by �� ∪	�� =
	�〈�,"#$����	�
,
���	�
�,max	����	�
,���	�
	�	〉:	� ∈ �) 

4. wesayP1isaPythagoreanfuzzysubsetofP2andw

ewriteP1⊆P2if  

  ���	�
 ≤	���	�
 and ���	�
	≥
���	�
foreachx∈X, 

5. 0X={⟨x,0,1⟩},� ∈ � }and1X={⟨x,1,0⟩:� ∈ � }. 

Definition2.6. Let (X, τ )Pbe  an 

Pythagorean Fuzzy topological space 

andP= �〈�, ��	�
, ��	�
〉 ∶ � ∈
�� beaPythagoreanfuzzysetoverX.ThentheP

ythagoreanfuzzy 

interior,PythagoreanfuzzyclosureandPythag

oreanfuzzyboundaryofParedefinedby; 

a. int (P)=⋃{G:GisaPFOSinXandG⊆P} 

b. cl (P)=⋂{K:KisaPFCSinXand P⊆K} 

c. Fr (P)=cl (P)∩cl (P
c
) 

Remark2.7.Itisclearthat, 

a. int(P)isthebiggestPythagoreanfuzzyopensetcon

tainedinP, 

b. cl(P)isthesmallestPythagoreanfuzzyclosedsetc

ontainingP. 

Remark 2.8. From the definition 

Pythagorean fuzzy union and intersection, 

it is obvious that 

Pythagoreanfuzzyinterior,closureandbound

aryarePythagoreanfuzzysets. 

 

3. GENERALIZED PYTHAGOREAN FUZZY 

CLOSED SETS 

Definition 3.1.Let(X, τ)Pbe an Pythagorean 

Fuzzy topological space. A 

PythagoreanFuzzy set A in (X, τ)Pis said to 

be generalized Pythagorean fuzzy closed 

(shortly GPFC) 

ifPFcl(A)⊆PwheneverA⊆PandPisPFO. 

ThecomplementofGPFCisGPFO 

Definition3.2.Let 

(X,τ)PbeaPythagoreanFuzzytopologicalspac

e.LetAbeaPFSinX.ThenGeneralizedPythag

oreanfuzzyclosureandGeneralizedPythagor

eanFuzzyinteriorofAaredefinedby 

(1) GPFcl(A)= ⋂ {G:GisGPF 

closedsetinXandA⊆G} 

(2) GPFint(A)= ⋃ {G:GisGPF 

opensetinXandA⊇G} 
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Example 3.3. Let X = {x1 , x2}. Consider the 

following family of Pythagorean fuzzy sets τ 

={0X, A, B 1X} where 

1 = �〈23, 4. 6, 4. 7〉, 〈28, 4. 9, 4. 6〉�, : =
�〈23, 4. ;, 4. 47〉, 〈28, 4. <, 4. =〉�.  

Clearly (X, τ)P is a Pythagorean fuzzy topological 

space. Here the set C = 

�〈23, 4. ;, 4. =〉, 〈28, 4. 9, 4. 7〉�  is aGeneralized 

Pythagorean fuzzy closed set. 

Proposition 3.4. Let(X, τ)P  be a Pythagorean 

Fuzzy topological space. Let A and B be 

anytwo Pythagorean fuzzy sets in(X, τ)P . 

Then the Generalized Pythagorean Fuzzy 

closure 

operatorsatisfiesthefollowingproperties. 

i. A⊆GPFcl(A) 

ii. GPFcl(GPFcl(A)) = GPFcl(A) 

iii. A⊆B⇒GPFcl(A)⊆GPFcl(B) 

iv. GPFcl(A∪B)=GPFcl(A)∪GPFcl(B) 

v. GPFcl(1X)=1X; GPFcl(0X)=0X. 

 

Proof.(i),(ii),(iii)and(v)canbeeasilyobtainedbyt

hedefinitionoftheGPF closure. 

 (iv) From G P F c l (A)⊆GPFcl(A∪B). 

Weobtain 

GPFcl(A)∪GPFcl(B)⊆GPFcl(A∪B). 

 On the other hand, from the facts 

A⊆GPFcl(A) andB⊆GPFcl(B) ⇒ A∪B 

⊆GPFcl(A) ∪GPFcl(B)andGPFcl(A) 

∪GPFcl(B)∈GPFCS.WehaveGPFcl(A 

∪B)⊆GPFcl(A)∪GPFcl(B). 

Thus,proofoftheaxioms(iv)isobtainedfromthesetw

oinequalities. 

Proposition 3.5. Let(X, τ)P  be a Pythagorean 

Fuzzy topological space. Let A and B be 

anytwo Pythagorean fuzzy sets in(X, 

τ)P .Then the Generalized Pythagorean Fuzzy 

interior 

operatorsatisfiesthefollowingproperties. 

i. GPFint(A)⊆A 

ii. GPFint(GPFint(A)) = GPFint(A) 

iii. A⊆B ⇒GPFint(A)⊆GPFint(B) 

iv. GPFint(A∩B)=GPFint(A)∩GPFint(B) 
v. GPFint(1X)=1X; GPFint(0X))=0X 

Proof.(i),(ii),(iii)and(v)canbeeasilyobtainedfro

mthedefinitionoftheGeneralizedPythagorea

nFuzzyinterior. 

(iv) From G P F i n t (A∩B)⊆GPFint(A) and 

GPFint(A∩B)⊆GPFint(B). 

We obtain GPFint(A ∩ B) ⊆GPFint(A) ∩ 

GPFint(B).   On the other hand, from 

thefactsGPFint(A)⊆AandGPFint(B)⊆B⇒
GPFint(A) ∩ GPFint(B)⊆A ∩ 

BandGPFint(A) ∩ GPFint(B) ∈τP.We 

haveGPFint(A) ∩ GPFint(B) ⊆GPFint(A 

∩ 

B) .Thus,proofoftheaxioms(iv)isobtainedf

romthesetwoinequalities.    

Proposition3.6.Let(X,τ)PbeaPythagoreanFuzz

ytopologicalspace.LetAandBbeanytwoPyth

agoreanfuzzysetsin(X,τ)P.Thenthefollowingpr

opertieshold. 

1. 1 – GPFcl(A) = GPFint(1 – A) 

2. 1 – GPFint(A) = GPFcl(1 – A) 

Proposition3.7.IfAandBareGPF-

closedsets,thenA∪B isaGPF-closedset. 

Remark3.8.TheintersectionoftwoGPF-

closedsetsneednotbeGPF-closedset. 

Proposition 3.9. Let(X, τ)Pbe a Pythagorean 

Fuzzy  topological space. If B is GPF-

closedandB⊆A⊆PFcl(B)thenAisGPF-

closed. 

Proof. Let C be GPF-closed set in (X, τ)P 

such that A ⊆C. Since B ⊆C and B is a 

GPF-closed set, PFcl(B) ⊆C. Since A 

⊆PFcl(B), we have PFcl(A) 

⊆PFcl(PFcl(B) =PFcl(B)⊆C. Hence 

PFcl(A) ⊆C which implies that A is a 

GPF closed in (X, τ)P. 

Proposition3.10.In a Pythagorean fuzzy 

topological space(X, τ)P, τP=  TP  

(Thefamily of all Pythagorean fuzzy closed 

Sets) iff every Pythagorean fuzzy closed set 

of  (X, τ )Pis aGPFclosedset. 

Proof.SupposethateveryPythagoreanfuzzysetAo

f(X,τ)PisGPFclosed. Let A∈τP. SinceA 
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⊆Aand A is GPF-closed, PFcl(A) ⊆A.  

But A ⊆PFcl(A).  Hence, PFcl(A) = A.  

Thus,A∈τP.Therefore,τP⊆TP.IfB∈T,then1X−B∈τ
P⊆TPandhenceB∈τP. 

ThatisTP⊆τP.ThereforeτP=TP 

Conversely,SupposethatAbea Pythagorean 

Fuzzy set in(X, τ)P.Let B be a 

Pythagoreanfuzzyopensetin(X,τ)Psuchthat 

A⊆B. 

Byhypothesis,BisPythagoreanfuzzyclosedset.

BythedefinitionofPythagoreanfuzzyclosurePF

cl(A)⊆B) .ThereforeAisGPF-closed. 

Proposition3.11.IfPFint(A)⊆B⊆AandifAis

GPF-openthenBisalsoGPF-open. 

Proposition 3.12.Let(X, τ)Pbe an Pythagorean 

fuzzy topological space.  A 

PythagoreanfuzzysetAisGPF-openiff 

B⊆GPFint(A),wheneverBisPythagoreanfuzz

yclosedand B⊆A. 

Proof.Let A be a GPF-open set and B be a 

Pythagorean fuzzy closed set, such that B⊆A.  

Now,B⊆A⇒1X−A⊆1X−Band1X−AisaGPF-

closedset⇒PFcl(1X−A)⊆1X−B.Thatis, 

B=1X−(1X−B)⊆1X−PFcl(1X−A). 

But1X−PFcl(1X−A)=PFint(A). Thus, B 

⊆PFint(A).  

Conversely, suppose that A be Pythagorean 

fuzzy set, such thatB ⊆PFint(A) whenever B 

is Pythagorean fuzzy closed and B⊆A.  Let 

1X− A ⊆B   wheneverB is Pythagorean fuzzy-

open.    

Now, 1X− A ⊆B ⇒ 1X− B ⊆A.   Hence by 

assumption,1X− B⊆PFint(A).Thatis,1X− 

PFint(A)⊆B. But 1X− PFint(A) =PFcl(1X− 

A) .Hence,PFcl(1X−A)⊂B.Thatis,1X−AisGP

F-closed.Therefore,AisGPF-open. 
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