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1. INTRODUCTION

In 1965,fuzzy set theory first introduced
by Zadeh [13].Fuzzy set theory was
characterized by
amembershipfunctionwhichassignstoeachtarge
tamembershipvaluerangingbetweenOand1. In
1968, the concept of fuzzy topological space
was introduced by Chang [2]. Also
generalizedsome basic notions of topology
such as open set, closed set, continuity and
compactness to
fuzzytopologicalspaces.Atanassov[1]introduce
dtheconceptofintuitionisticfuzzysets. Anintrodu
ctionto intuitionistic fuzzy topological spaces
was given by Coker [3] in 1997. Yager
proposed another classof non-standard fuzzy
sets, called Pythagorean fuzzy sets. The
concept and notions of
Pythagoreanfuzzytopologicalspaceswasintrodu
cedbyMuratOlgun,MehmetUnverandSeyhmus
Yardimici [6].In 2020,Naeem et.al [6].studied
Pythagorean m-polar fuzzy topology with

TOPSIS approach
inexploringmosteffectualmethodforcuringfrom
COVID-19 in 2020.
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TahaYasinOzturkandAdemYolcu [11]
introduced some operations such as
Pythagorean fuzzy interior, closure boundary
on Pythagoreanfuzzy topological spaces.Also,
Pythagorean fuzzy open (closed) functions and
Pythagorean
fuzzyhomeomorphismareintroducedandtheirba
sicpropertiesareinvestigatedin 2020.

2. PRELIMINARIES
Definition 2.1. Let X be the non-empty

universe of discourse.A fuzzy set A in
XA ={(x, ua(x)) : x €EX} where us: X — [0,
1] is the membership function of the fuzzy
setA;ua(x)€[0, 1]isthemembershipofx€XinA

Definition 2.2.I.et X be the non-empty

universe of discourse. An Intuitionistic
fuzzyset (IFS) A in X is given by A= {x,
Ha(x), va(x) : x EX} where the functionsg4(x)
€[0,

1]andv4(x)€[0, 1]denotethedegreeofmembership
anddegreeofnon- membershipofeachelementx
€Xto the set A, respectively, andO < pa(x) +
va(x) < 1Ifor eachx €X .The degree
ofindeterminacy/s=1-(u4(x)+va(x))foreach
xeX.
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Definition 2.3. Let (X, 7) be an intuitionistic
fuzzy topological space. An
intuitionisticfuzzysetAin(X,7T)
issaidtobegeneralizedintuitionisticfuzzyclosed
(inshortlyGIF-closed)if/Fcl(A)
CGwheneverA SGand G is intuitionistic
fuzzy open.The complement of aGIF-
closedsetisGIF-open.

Definition 2.4. Let X be the non-empty
universe of discourse. A Pythagorean fuzzy
set(PFS)PinXisgivenbyP=  {(x, up(x),
vp(x)):x €
X} wherethefunctions up(x) €0,1]and
vp (x)€[0,1]denotethedegreeofmembershipand
degreeofnon- membershipofeachelement
x€EXtothesetP,respectively,with the condition
that 0 < pd(x)+ vi(x) <
1 foreachx€X.Thedegreeofindeterminacy
Ip = /1 — (u2(x) + (v2(x))foreach x€X.

DefinitionZ.S.LetP1={(x, up, (x),
vp, (x)):x € X}andP2={(x, up, (x),
vp,(x)):x €
X }betwoPythagoreanfuzzysetsoverX.Then,

1. thePythagoreanfuzzycomplementof
Pisdefinedby

Pf = {{x, vp(x), up(x)): x € X}/

2. thePythagoreanfuzzyintersectionofPjandP,isd
efinedby

Pin P, = {(x, min{,upl (20,
Up, ()}, max{vp, (x),vp,(x)} ) x € X}

3. thePythagoreanfuzzyunionofP;andP;isdefined
by P,U P, =
(e min{up, (x),

Up, ()}, max{vp, (x),vp,(x)} ) x € X}
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andP= {x, up(x), vp(x)): x €
X} beaPythagoreanfuzzysetoverX.ThentheP
ythagoreanfuzzy
interior,PythagoreanfuzzyclosureandPythag
oreanfuzzyboundaryofParedefinedby;

a. int (P=U{G:GisaPFOSinXandG<P)

b. ¢/ (P)=N{K:KisaPFCSinXand PSK}

c. Fr(P)=cl (P)Ncl (P°)

Remark?2.7.Itisclearthat,

a. int(P)isthebiggestPythagoreanfuzzyopensetcon
tainedinP,

b. cl(P)isthesmallestPythagoreanfuzzyclosedsetc
ontainingP.

Remark 2.8. From the definition
Pythagorean fuzzy union and intersection,
it is obvious that
Pythagoreanfuzzyinterior,closureandbound
aryarePythagoreanfuzzysets.

3. GENERALIZED PYTHAGOREAN FUZZY
CLOSED SETS

Definition 3.1.Let(X, t)pbe an Pythagorean
Fuzzy topological space. A
PythagoreanFuzzy set A in (X, 7)pis said to
be generalized Pythagorean fuzzy closed
(shortly GPFC)
ifPFcl(A)SPwheneverA € PandPisPFO.

ThecomplementofGPFCisGPFO
Definition3.2.Let
(X, 7)pbeaPythagoreanFuzzytopologicalspac
e.LetAbeaPFSinX.ThenGeneralizedPythag
oreanfuzzyclosureandGeneralizedPythagor
eanFuzzyinteriorofAaredefinedby

4. wesayP,isaPythagoreanfuzzysubsetofP,andw (1) GPFcl(A)= N {G:GisGPF

ewriteP, SPaif closedsetinXandACSG}
tp, (X)) < pp,(x) and vp, (X) = (2) GPFinn(A)= U (G:GisGPF

vp, (x)foreachx€eX, opensetinXandA2G}

5. 0x={(x,0,1}},x € X }andl x={(x,1,0)x € X }.

Definition2.6. lLet (X, 7 )pbe an
Pythagorean Fuzzy topological space
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Example 3.3. Let X = {x;, x;}. Consider the
following family of Pythagorean fuzzy sets t
={0x, A, B 1x} where
A =1{(x1,0.6,0.4),(x,,0.5,0.6)}, B=
{(x1,0.7,0.04),(x,,0.8,0.3)}.

Clearly (X, 1)p is a Pythagorean fuzzy topological
space. Here the set C =
{(x1,0.7,0.3),(x5,0.5,0.4)} is aGeneralized
Pythagorean fuzzy closed set.

Proposition 3.4. Let(X, t)p be a Pythagorean
Fuzzy topological space. Let A and B be
anytwo Pythagorean fuzzy sets in(X, T)p .
Then the Generalized Pythagorean Fuzzy
closure
operatorsatisfiesthefollowingproperties.

i. ACSGPFcl(A)
ii. GPFcl(GPFcl(A)) = GPFcl(A)
iii. ASB=GPFcl(A)SGPFcl(B)
iv. GPFcl(AUB)=GPFcl(A)UGPFcl(B)
V. GPFCl(lx)=1x, GPFCI(Ox)=OX

Proof.(i),(ii),(iii)and(v)canbeeasilyobtainedbyt
hedefinitionofthe GPF closure.

(iv) From GPFcl(ASGPFclI(AUB).
Weobtain
GPFcl(A)UGPFcl(B)SGPFcl(AUB).

On the other hand, from the facts
ACSGPFcl(A) andBSGPFcl(B) = AUB
CEGPFcl(A) UGPFcl(B)andGPFcl(A)

UGPFcl(B)EGPFCS.WehaveGPFcl(A
UB)SGPFcl(A)UGPFcl(B).

Thus,proofoftheaxioms(iv)isobtainedfromthesetw
oinequalities.

Proposition 3.5. Let(X, 1)p be a Pythagorean
Fuzzy topological space. Let A and B be

anytwo Pythagorean fuzzy sets in(X,
7)p . Then the Generalized Pythagorean Fuzzy
interior

operatorsatisfiesthefollowingproperties.
i. GPFint(A)SA
. GPFint(GPFint(A)) = GPFint(A)
iii. ASB =GPFint(A)SGPFint(B)
iv. GPFint(ANB)=GPFint(A)NGPFint(B)
V. GPFint(1x)=1y GPFint(0x))=0x

[y
—
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Proof.(i),(i1),(iii)and(v)canbeeasilyobtainedfro
mthedefinitionoftheGeneralizedPythagorea
nFuzzyinterior.

(iv) From GPFint(ANB)SGPFint(A) and
GPFint(ANB)SGPFint(B).

We obtain GPFint(A N B) SGPFint(A) N
GPFint(B). On the other hand, from
thefactsGPFint(A)SAandGPFint(B)SB=
GPFint(A) N GPFint(B)CA N
BandGPFint(A) N GPFint(B) €tp.We
haveGPFint(A) N GPFint(B) €SGPFint(A
N
B) .Thus,proofoftheaxioms(iv)isobtainedf
romthesetwoinequalities.

Proposition3.6.Let(X,t)pbeaPythagoreanFuzz
ytopologicalspace.LetAandBbeanytwoPyth
agoreanfuzzysetsin(X,t)p. Thenthefollowingpr
opertieshold.

1. 1 — GPFcl(A) = GPFint(1 — A)

2. 1 — GPFint(A) = GPFcl(1 — A)

Proposition3.7.IfAandBareGPF-
closedsets,thenAUB isaGPF-closedset.

Remark3.8.TheintersectionoftwoGPF-
closedsetsneednotbe GPF-closedset.

Proposition 3.9. Let(X, t)pbe a Pythagorean
Fuzzy topological space. If B is GPF-
closedandBEACPFcl(B)thenAisGPF-
closed.

Proof. Let C be GPF-closed set in (X, T)p
such that A €C. Since B €C and B.s a

GPF-closed set, PFcl(B) <C. Since A
CPFcl(B), we have PFcl(A)
CPFcl(PFcl(B) =PFcl(B)SC. Hence

PFcl(A) €C which implies that A is a
GPF closed in (X, 1)p.

Proposition3.10.In a Pythagorean fuzzy
topological space(X, T)p, Tp
(Thefamily of all Pythagorean fuzzy closed
Sets) iff every Pythagorean fuzzy closed set
of (X, t)pis aGPFclosedset.

Proof.SupposethateveryPythagoreanfuzzysetAo
f(X,7)pisGPFclosed. Let A E7p. SinceA

Tp=
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CAand A is GPF-closed, PFcl(A) CA.
But A SPFcl(A). Hence, PFcl(A) = A.
Thus,A€zp. Therefore,rpETp. IfBET, thenl x—BET
pETpandhenceBEzp.

ThatisTpStp. Thereforerp=Tp

Conversely,SupposethatAbea Pythagorean
Fuzzy set in(X, <7oplet B be a
Pythagoreanfuzzyopensetin(X, 7)psuchthat
ACB.
Byhypothesis,BisPythagoreanfuzzyclosedset.
BythedefinitionofPythagoreanfuzzyclosure PF’
cl(A)EB) .Therefore AisGPF-closed.

Proposition3.11.IfPFint(A)SBCcAandifAis
GPF-openthenBisalsoGPF-open.

Proposition 3.12.Let(X, t)pbe an Pythagorean
fuzzy topological space. A
PythagoreanfuzzysetAisGPF-openiff
BC<GPFint(A),wheneverBisPythagoreanfuzz
yclosedand BCA.

Proof.Let A be a GPF-open set and B be a
Pythagorean fuzzy closed set, such that B CA.
Now,BEA=1x—ACS1x—Band1x—AisaGPF-
closedset=>PFcl(1x—A)S1x—B.Thatis,
Butly—PFcl(1x—A)=PFint(A).
CPFint(A).

Conversely, suppose that A be Pythagorean
fuzzy set, such thatB CPFint(A) whenever B
is Pythagorean fuzzy closed and BSA. Let
1x— A €B wheneverB is Pythagorean fuzzy-
open.

Now, 1x— A €B = 1xy— B cA. Hence by
assumption, 1 x— BCPFint(A).Thatis,1x—
PFint(A)SB. But 1x— PFint(A) =PFcl(1x—
A) .Hence,PFcl(1x—A)cB.Thatis,1x—AisGP
F-closed.Therefore, AisGPF-open.

Thus, B
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