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Abstract 

In this paper, a standard quadratic congruence of composite modulus modulo a product of two different 

odd primes in two special cases is considered for solutions. The authors established the method of 

finding solutions of the congruence. It is found that in both the cases, the congruence has exactly two 

incongruent solutions in both the cases. 
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INTRODUCTION 

The congruence�� ≡ �	���		
��; 
, �	���		��������	�			
�����,have been formulated considering 

general cases only [1], [2], then it was found that the congruence have exactly four incongruent 

solutions; here the authors wish to find the solutions in two different special cases, not considered 

earlier. 

PREVIOUS FORMULATION 

Consider the congruence �� ≡ �	���		
��; 
, �	���	�			
�����. 

Such types of congruence has exactly four solutions. 

The congruence can be written as:�� ≡ � + �. 
� = �����		
�� [3]. 

The two obvious solutions are � ≡ ±�	���		
��		�. �. � ≡ �, 
� − �	���		
��. 

The remaining two solutions are given by the established formula 

� ≡ ±�
� ± �����		
��, ��	��
� ± 2�� = ��. 

Consider two examples to illustrate this formulation. 

 

ILLUSTRATIONS BY PREVIOUS FORMULATION 

Example-1: Consider the congruence x� ≡ 4	�mod	35�. 
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It can be written as x� ≡ 2��mod	5.7�. 

It is of the type x� ≡ ���mod	pq�	with	p = 5, q = 7, b = 2. 

It has four solutions. The two obvious solutions are � ≡ ±�	���		
�� 

≡ ±2	���		5.7� 

≡ 2, 33	���		35�. 

The remaining two solutions are given by � ≡ ±�
� ± �����		
����	�	�
� ± 2�� = ��. 

≡ ±�5� ± 2����		5.7�	��	��5� ± 2.2� = 7� 

≡ ±�5� + 2����		35�	��	��5� + 4� = 7�. 

But it can be seen that ���	� = 2, 1�5.2 + 4� = 7� and hence the solutions are given by  

� ≡ ±�5.2 + 2����		35� 

≡ ±12	���		35� 

≡ 12, 35 − 12 ≡ 12, 23	���		35�. 

Therefore, all the four solutions are � ≡ 2, 33; 12, 23	���		35�. 

Example-2: Consider the congruence x� ≡ 9	�mod	77�. 

It can be written as x� ≡ 3��mod	7.11�. 

It is of the type x� ≡ ���mod	pq�	with	p = 7, q = 11, b = 3. 

It has four solutions. The two obvious solutions are � ≡ ±�	���		
�� 

≡ ±3	���		7.11� 

≡ 3, 74	���		77�. 

The remaining two solutions are given by � ≡ ±�
� ± �����		
����	�	�
� ± 2�� = ��. 

≡ ±�7� ± 3����		7.11�	��	��7� ± 2.3� = 11� 

≡ ±�7� + 3����		77�	��	��7� ± 6� = 11�. 

But it can be seen that ���	� = 4, 4�7.4 − 6� = 11� and hence the solutions are given by  

� ≡ ±�7.4 − 3����		77� 

≡ ±25	���		77� 

≡ 25, 77 − 25 ≡ 25, 52	���		77�. 

Therefore, all the four solutions are � ≡ 3, 74; 25, 52	���		77�. 

PROBLEM-STATEMENT 

“To find the solutions of the congruence of the type: 

�� ≡ �	���		
��; p& q being different odd primes in two cases: 
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Case-I: when � = 
�;the congruence is then: �� ≡ 
�	���		
�� 

Case-II: when � = ��, �ℎ�	1��2�3��1�	��	�ℎ��	�� ≡ �����		
��". 

LITERATURE-REVIEW 

A standard quadratic congruence of composite modulus considered here for formulation of its 

solutions, is not formulated earlier by then mathematicians. Only CRT[4] method is permitted to find 

the solutions. But Roy [1] has formulated its solutions. It is found that such types of congruence have 

exactly four solutions. Going through the paper, it is found that two special cases are yet remain to 

formulate. It is also found that such congruence of composite modulus always has exactly two 

solutions. The aim of the present paper is to find the two solutions. 

EXISTED METHOD 

Existed method is popularly known as CRT method. In this method, the original congruence 

Is split into two separate individual congruence as: 

�� ≡ 
� 	≡ 0	���		
�…………………………………………………..(A) 

�� ≡ 
�	���		��……………………………………………..(B) 

 The congruence (A) has exactly one solutions and the congruence (B) has exactly two solutions [5]. 

Therefore, the original congruence must have exactly 1.2=2 solutions[6]. 

ANALYSIS & RESULTS 

Consider the congruence under consideration:�� ≡ �����		
��. 

Such congruence are always solvable as �� is always a quadratic residue of
�. 

Sometimes the congruence be of the form: �� ≡ �	���		
�� with � not be a perfect square, but it can 

be made so as: 

�� ≡ �	���		
�� 

≡ � + �. 
� = �����		
��[3] 

Then the solutions are � ≡ ±�	���		
��. 

Case-I: Let � = 
. 

Then the congruence reduces to �� ≡ 
����		
��, 
 < �. 

Such congruence always has exactly two solutions. 

These solutions are given by � ≡ ±
	���		
�� 

≡ 
, 
� − 
	���		
��. 

These are the required two solutions. 

Case-II: Let � = �. 

Then the congruence reduces to: �� ≡ �����		
��, 
 < �. 
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Such congruence always has exactly two solutions. 

These solutions are given by � ≡ ±�	���		
�� 

≡ �, 
� − ����		
��. 

These are the required two solutions. 

ILLUSTRATIONS 

Example-1: Consider the congruence ��≡25 (mod 35). 

It can be written as �� ≡ 5�	���		5.7� with 
 = 5, � = 7. 

It is of the type: �� ≡ 
����		
��, 
 < �. 

Such congruence always has exactly two solutions. 

These solutions are given by � ≡ ±
	���		
�� 

≡ 
, 
� − 
���		
��. 

≡ 5, 35 − 5	���		35� 

≡ 5, 30	���		35�. 

Example-2: Consider the congruence ��≡14 (mod 35). 

It can be written as �� ≡ 14 + 35 = 49 = 7�	���		5.7� with 
 = 5, � = 7. 

It is of the type: �� ≡ �����		
��, 
 < �. 

Such congruence always has exactly two solutions. 

These solutions are given by � ≡ ±�	���		
�� 

≡ �, 
� − ����		
��. 

≡ 7, 35 − 7	���		35� 

≡ 7, 28	���		35�. 

CONCLUSION 

Thus, it can be concluded that the congruence under consideration have two incongruent 

solutions�. �.		�� ≡ 
����		
��ℎ��	�ℎ�	��:3�����	� ≡ ±
	���		
��; and the congruence 

	�� ≡ �����		
��ℎ��	�ℎ�	��:3�����	� ≡ ±�	���		
��	. 
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